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We denote by 0 the class of all elements of the form (0, i) and
by t; the class of the element (¢, i) (for t € (0, 1]).



The hedgehog(s)

Obviously, we can also perform precisely the same construction
starting with the extended real line instead of the unit interval.

—00

We denote by —co the class of all elements of the form (-0, i) and
by t; the class of the element (¢, i) (for t € (0, +o0]).



The hedgehog

The usual topology on the unit interval [0, 1] can naturally be
introduced in two completely different ways:

(1) Itisthe metric topology induced by the euclidean metric on
[0,1].
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The hedgehog

The usual topology on the unit interval [0, 1] can naturally be
introduced in two completely different ways:

(1) Itisthe metric topology induced by the euclidean metric on
[0,1].
B(0,r) B(t,r) B(1,r)
0 t 1

(Base)

(2) Itisthe Lawson topology induced by the linear order on [0, 1].

[0,1]\ Tt = [0, t) (s,1]1=7%s

5 . . ; (Subbase)

These two approaches can be used to topologize the hedgehog, but
in contrast with the case of unit interval [0, 1], they induce two
different topological spaces.



The metric hedgehog

The first (metric) approach is the best known:

(1) The natural extension of the euclidean metric to a metric on J(x)
is given by

|t—s|, ifx=t;iandy=s,,
d(x,y) =

t+s, ifx=t;andy=s;withj#i.
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The metric hedgehog

The first (metric) approach is the best known:

(1) The open balls form a base of the metric topology Tmetric,
and the open balls of the form

(B(0,7) | r€QN(0,1)} U{B(1,7)|reQn(0,1)and i}

form a subbase of Tpetric-

B(,r
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The compact hedgehog

The order approach is not so well known, but it is of particular
interest when one is interested in order-theoretic notions like
upper and lower semicontinuity.




The compact hedgehog

(2) There exists a natural partial order on J(x) given by

x<y & x=0 or (x=t,y=s;andt <s)
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The compact hedgehog

(2) There exists a natural partial order on J(x) given by
x<y & x=0 or (x=t,y=s;andt <s)

(J(x), <) is a bounded complete domain (= complete continuous
semilattice).
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The compact hedgehog

(2) (J(x),<)is abounded complete domain (= complete continuous
semilattice).

Hence the subsets of the form

Ja)\Tti ={sj € J(x) | t: £ s}

form a subbase for the lower topology.

Nl
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The compact hedgehog

(2) (J(x),<)is abounded complete domain (= complete continuous
semilattice).

Hence the subsets of the form

Tti = {Sj | t; < Sj}

form a subbase for the Scott topology.
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The compact hedgehog

(2) (J(x),<)is abounded complete domain (= complete continuous
semilattice).

Hence the subsets of the form
Jo)\Tti={sj e J(x) | t; £s;} and Ft;={sj|t;i <s;}

form a subbase for the Lawson topology Tiawson-

Tt
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— For « finite both topologies coincide, but in general the metric
topology is finer than the Lawson topology.
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— For « finite both topologies coincide, but in general the metric
topology is finer than the Lawson topology.

— Forx=2
(J(2), Tmetric) = (J(2), Trawson) = ([0, 1], 7)) = (E, Ty)
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The metric and the compact hedgehog

— For « finite both topologies coincide, but in general the metric
topology is finer than the Lawson topology.

- Forxk=2
(J(2), Tmetric) = (J(2), Trawson) = ([0, 1], 7,,) = (R/ Ty)
— For k1, x3 > 2, if k1 # k2 then

(J(x1), Tmetric) # (J(k2), Tmetric) @nd (J(x1), Trawson) # (J(x2), TLawson)

— (J(x), TLawson) is always compact, while (J(x), Tmetric) IS compact
if and only if « is finite.

— (J(x), TLawson) is metrizable if and only if x < No.



The projections

There are two different types of projections from the hedgehog onto
the extended real line playing a key role in the study of the
hedgehog:
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ifj=1i,

if j#i.
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Consequently, the family

{(mi o /7O, 1M},

is a pairwise disjoint family of cozero sets in X.



The projections

(2) The global projection p,: J(x) — ([0, 1], Tu)

pi(tj) =t = \e/IPi(tj)
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The projections

(2) The global projection p,: J(x) — ([0, 1], Tu)

The metric topology 7metric ON J(x) is precisely the initial topology
for the family {p;}icr U {p«}.

Given a continuous map f: (X, 7x) — (J(x), Tmetric), €ach
composition n; o f: (X, 7x) — ([0, 1], 7,,) is continuous, and so is
o f1 (X, tx) — ([0, 1], 7).

Since Ujer(mi o £)71((0,1]) = (me © £)71((0,1]) is also a cozero set,
the family
{(mio /)TN0, 1D},

is a pairwise disjoint family of cozero sets in X
whose union is again a cozero set.

We will say that {(r; o £)71((0, 1])},_, is a x-family of cozero sets in X

i€l



The frames of the metric and the compact hedgehogs

One of the differences between point-set topology and pointfree
topology is that one may present frames by generators and
relations.

In particular, we may now present frames of the metric and compact
hedgehogs by using generators and relations; without any notion of
real number involved.
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The frame of the metric hedgehog with « spines is the frame £(J(x))
presented by generators (r,—); and (-, 7) forr e Q and i € I, subject
to the defining relations:
(

ho) (r,-)i A(s,—)j = 0 whenever i # j,

(hl) (1’, —)i A (—/ S)

Owheneverr>s ()
andiel T\
(h2) Vi (ri, )i V (-, 5) = 1 whenever Y/
ri <sforeveryiel \\\\\\\ ’//////
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The frames of the metric and the compact hedgehogs

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(1", _)i

\\

(*/ 7’)1‘



The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,-)i A (s,—); = 0 whenever
i+ ],




The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,-)i A (s,—); = 0 whenever
i+ ],

(ch1) (r,-)i A (-, s); = 0 whenever (r,-)i
r>sandiel,

\

(*/ S)i



The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,-)i A (s,—); = 0 whenever
i+ ],

(ch1) (r,-)i A ()i = 0 whenever ()i g
r>sandiel,

(ch2) (r,-)i V (-, s)i =1 whenever : \
r<sandiel, -



The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is

the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for

r € Qand i € I, subject to the defining relations:

(cho) (r,-)i A (s,—); = 0 whenever
i+ ],

(ch1) (r,-)i A (-, s); = 0 whenever (r,-)i
r>sandie€l,

(ch2) (r,—); V (-, s); =1 whenever

r<sandiel,

(Ch3) (rl *)i = \/s>r (Slf)iy for every
reQandiel, (—, )i




The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,—)i A(s,—-); = 0 whenever
i+ ],
(ch1) (r,-)i A (-, s); = 0 whenever (r, )i
r>sandiel, \
(ch2) (r,-)i V (-, s);i =1 whenever \
r<sandiel,
(Ch3) (rl *)i = \/s>r (Slf)iy for every
reQandiel, (—, 1)

(chg) (=, 7)i = Vs<r (-, 8);, for every
reQandiel.




The frame of the metric hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,—)i A(s,—-); = 0 whenever
i+ ],
(ch1) (r,-)i A (-, s); = 0 whenever (r, )i
r>sandiel, \
(ch2) (r,-)i V (-, s);i =1 whenever \
r<sandiel,
(Ch3) (rl *)i = \/s>r (Slf)iy for every
reQandiel, (—, 1)

(chg) (=, 7)i = Vs<r (-, 8);, for every
reQandiel.




The frame of the compact hedgehog

Analogously, the frame of the compact hedgehog with « spines is
the frame ¥(cJ(x)) presented by generators (r,—); and (-, »); for
r € Qand i € I, subject to the defining relations:

(cho) (r,—)i A(s,—-); = 0 whenever
i+ ],
(ch1) (r,-)i A (-, s); = 0 whenever (r, )i
r>sandiel, \
(ch2) (r,-)i V (-, s);i =1 whenever \
r<sandiel,
(Ch3) (rl *)i = \/s>r (Slf)iy for every
reQandiel, (—, 1)

(chg) (=, 7)i = Vs<r (-, 8);, for every
reQandiel.




The frames of the metric and the compact hedgehogs

o 2(J(1)) = 2(c]J(1)) = L(R).

(1) (r,—) A (=, s) = 0whenever r > s,
(2) (r,—)V (-, s)=1wheneverr <s,

(3) (r,—) = Vss,(s,-), forevery r € Q,
(4) (1) = Vser(— 5), forevery r € Q.

Consequently both frames £(J(x)) and £(c/(x)) are cardinal
extensions of the frame of the extended real line £(R).

B. Banaschewski, J.G.G. and ). Picado, Extended real functions in
pointfree topology, J. Pure Appl. Algebra 216 (2012) 905-922.
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The frames of the metric and the compact hedgehogs

o 2(J(1)) = 2(c]J(1)) = L(R).
o 2(J(2)) = £(R).

The isomorphism is induced by the following correspondence
(where @ denotes any increasing bijection between Q and Q*):

(r,-) L(J(2)) eR)

(= 7) (r,-n (= —¢(r) (=¢(r), ¢(r)) (p(r),—)
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e The frame of the compact hedgehog is isomorphic to a subframe
of the frame of the metric hedgehog, and this subframe is a
proper subframe if and only if x is infinite.

Hence
L(J(x)) = L(cJ(x)) if and only if x is finite.
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o 2(J(1)) = 2(c]J(1)) = L(R).
o 2(J(2)) = £(R).

e The frame of the compact hedgehog is isomorphic to a subframe
of the frame of the metric hedgehog, and this subframe is a
proper subframe if and only if x is infinite.

Hence
L(J(x)) = L(cJ(x)) if and only if x is finite.

e Forxy,xo > 2,if k1 # x7 then

L(J(k1)) # L(J(k2)) and  L(cJ(x1)) # Lc](x2))
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The frame of the metric hedgehog

e £(J(x))is a compact frame if and only if « is finite.

e The spectrum X2(J(x)) is homeomorphic to the classical metric
hedgehog (J(x), Tmetric)-

e £(J(x))is aregular frame.

e For each cardinal «, the frame of the metric hedgehog £(J(x)) is a
metric frame of weight « - 8.

e For each cardinal k, the coproduct €, £(J(x)) is a metric frame
of weight « - No.

e £(J(x)) is complete in its metric uniformity.
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The frame of the compact hedgehog

e £(cJ(x)) is always a compact and regular frame.
e £(cJ(x))is metrizable if and only if ¥ < No.

e For x < Ny, any regular subframe of £(cJ(x)) is metrizable.

» T.Dube, A short note on separable frames, Comment. Math. Univ.
Carolin. 37 (2012) 375-377.



The frame of the compact hedgehog

e £(cJ(x)) is always a compact and regular frame.
e £(cJ(x))is metrizable if and only if ¥ < No.
e For x < Ny, any regular subframe of £(cJ(x)) is metrizable.

e The spectrum X2(cJ(x)) is homeomorphic to the compact
hedgehog (J(x), TLawson)-
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the so-called cardinal generalizations of normality.



Cardinal generalizations of normality

Among different variants and generalizations of normality, one finds
the so-called cardinal generalizations of normality.

An important and well-understood one is k-collectionwise
normality.
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e Given a frame L a family {S;};c; of sublocales of L is said to be

— pairwise disjoint if ;N S; = 0 for every i # j.
— discrete if there is a cover C of L such that for each c € C,
o(c)N'S; = 0 for all i with at most one exception.

e Fix a cardinal «.
A frame is x-collectionwise normal if for any discrete family
{F;}ien, |I| < x, of closed sublocales, there is a pairwise disjoint
family {U;};c; of of open sublocales such that F; C C; for all i.

A. Pultr, Remarks on metrizable locales, Proc. of the 12th Winter
School on Abstract Analysis (1984)
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e Fix a cardinal «.
A frame is x-collectionwise normal if for any discrete family

{Fi}ie1, |I| < x, of closed sublocales, there is a pairwise disjoint
family {U;};c; of of open sublocales such that F; C C; for all i.
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Cardinal generalizations of normality: collectionwise normality
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Fix a cardinal «.

A frame is x-collectionwise normal if for any discrete family
{Fi}ie1, |I| < x, of closed sublocales, there is a pairwise disjoint
family {U;};c; of of open sublocales such that F; C C; for all i.
A frame is collectionwise normal if it is x-collectionwise normal
for every cardinality «.

x-collectionwise normality = normality.
x-collectionwise normality = normality for 1 < x < No.

A. Pultr, Remarks on metrizable locales, Proc. of the 12th Winter
School on Abstract Analysis (1984)



Cardinal generalizations of normality: collectionwise normality

v

Fix a cardinal «.

A frame is x-collectionwise normal if for any discrete family
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Cardinal generalizations of normality: collectionwise normality

v

Fix a cardinal «.

A frame is x-collectionwise normal if for any discrete family
{Fi}ie1, |I| < x, of closed sublocales, there is a pairwise disjoint
family {U;};c; of of open sublocales such that F; C C; for all i.
A frame is collectionwise normal if it is x-collectionwise normal
for every cardinality «.

x-collectionwise normality = normality.

x-collectionwise normality = normality for 1 < x < No.
x-collectionwise normality is hereditary with respect to closed
sublocales.

Each metric frame is collectionwise normal.

A. Pultr, Remarks on metrizable locales, Proc. of the 12th Winter
School on Abstract Analysis (1984)



Cardinal generalizations of normality: collectionwise normality

Normality can be characterized in terms of coz-onto frame maps:,
or, equivalently, in terms of z-embedded sublocales:

A frame is normal iff each of its closed quotients is coz-onto
iff each of its closed sublocales is z-embedded.

[1] T.Dube and J. Walters-Wayland, Coz-onto frame maps and some
applications, Appl. Categ. Structures 15 (2007)

[1] A.B. Avilez and J. Picado, Continuous extensions of real
functions on arbitrary sublocales and C-, C*-, and
z-embeddings, J. Pure Appl. Algebra 225 (2021)
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Collectionwise normality can also be characterized in terms of
cozero elements:

A join cozero k-family of L is a pairwise disjoint x-family of cozero

elements of L whose join is again a cozero element.

A sublocale S of L is z,-embedded if for every join cozero x-family
{ai}ic; of S, there is a join cozero x-family {b;}ic; of L such that
vs(b;) = a; forevery i € I.

- z1-embedding = z-embedding
- zp-embedding = z-embedding

[1] T.Dube and J. Walters-Wayland, Coz-onto frame maps and some
applications, Appl. Categ. Structures 15 (2007)
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Cardinal generalizations of normality: collectionwise normality

Collectionwise normality can also be characterized in terms of
cozero elements:

A join cozero k-family of L is a pairwise disjoint x-family of cozero

elements of L whose join is again a cozero element.

A sublocale S of L is z,-embedded if for every join cozero x-family
{ai}ic; of S, there is a join cozero x-family {b;}ic; of L such that
vs(b;) = a; forevery i € I.

Theorem

A locale L is x-collectionwise normal if and only if every closed
sublocale of L is z,-embedded.
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In view of this, it is natural to introduce a further cardinal
generalization of the notion of z-embedding and normality:

e Asublocale S of L is z,-embedded if for every join cozero

vs(b;) = a; forevery i € I.

The “c” in the notation stands for “compact”; the reason will be
clear later.
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e Asublocale S of L is z{-embedded if for every pairwise disjoint
x-family of cozero elements {a;};c; of S, there is a pairwise
disjoint x-family of cozero elements {b;};c; of L such that
vs(b;) = a; forevery i € I.

e Aframe is totally x-collectionwise normal if every closed
sublocale is z$-embedded.



Cardinal extensions of normality: total collectionwise normality

In view of this, it is natural to introduce a further cardinal
generalization of the notion of z-embedding and normality:

e Asublocale S of L is z{-embedded if for every pairwise disjoint
x-family of cozero elements {a;};c; of S, there is a pairwise
disjoint x-family of cozero elements {b;};c; of L such that
vs(b;) = a; forevery i € I.

e Aframe is totally x-collectionwise normal if every closed
sublocale is z$-embedded.
A frame is totally collectionwise normal if it is totally
x-collectionwise normal for all «.
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Cardinal extensions of normality: total collectionwise normality

It is a reasonable cardinal extension of normality:

° Metrizable

U

Hereditary x-collectionwise normality

U

Total x-collectionwise normality

U

x-collectionwise normality

The implications cannot be reversed.
e Total k-collectionwise normality = normality for 1 < x < Nj.

e Total x-collectionwise normality is hereditary with respect to
closed sublocales.
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collectionwise normal locales?



Cardinal extensions of normality

QUESTION: Can we give Urysohn’s type separation theorems or
Tietze-type extension theorems for the class of (total)
collectionwise normal locales?

Yes. The idea is to use in each case the right cardinal generalization
of the real line:

— The metric hedgehog in the case of collectionwise normality.

— The compact hedgehog in the case of total collectionwise
normality.



Collectionwise normality and the metric hedgehog

Theorem (Urysohns Lemmma)

Let X be a topological space. TFAE:
(1) X is normal.

(2) For every disjoint closed sets F; and F, there exists a
continuous f: X — R such that F; € f~!((-o0,0]) and
Fy € f7H([1, +00)).



Collectionwise normality and the metric hedgehog

Theorem (Localic Urysohns Lemma)

Let L be a frame. TFAE:
(1) L is normal.
(2) For each pair ay,a; € L such that a; v a, =1, there exists a a

frame homomorphism &: £(R) — L such that i((—, 0)*) < a; and
h((1,-)") < a.

» C.H. Dowker, D. Papert. On Urysohn’s lemma. Proc. Second
Prague Topological Sympos. 1966

» B. Banaschewski, The real numbers in Pointfree Topology, Textos
de Matematica, Vol. 12, University of Coimbra, 1997.

» R.N. Ball, J. Walters-Wayland, C-and C*-quotients in pointfree
topology, Diss. Math. 412 (2002)



Collectionwise normality and the metric hedgehog

Theorem (Localic Urysohns Lemma)

Let L be a frame. TFAE:
(1) L is normal.

(2) For each pairay, as € L such thata; v a; =1, there exists a a
frame homomorphism k: £(R) — L such that k((—, 0)*) < a; and
h((1,-)") < aa.

Theorem (Cardinal extension)

Let L be a frame. TFAE:
(1) L is x-collectionwise normal.

(2) For each co-discrete system {a;}ier, |I| < x, there exists a a
frame homomorphism h: £(J(x)) — L such that h((0,-);) < a;
foreachi e .




Collectionwise normality and the metric hedgehog

Theorem (Tietze)

Let X be a topological space. TFAE:
(1) X is normal.

(2) For each closed subset F of X, each continuous f: F — R has an
extension to X.



Collectionwise normality and the metric hedgehog

Theorem (Localic Tietze)
Let L be a frame. TFAE:

(1) L is normal.

(2) For each closed sublocale ¢(a) of L, each frame homomorphism
h: L(R) — c¢(a) has an extension to L.

» R.N. Ball, J. Walters-Wayland, C-and C*-quotients in pointfree
topology, Diss. Math. 412 (2002)



Collectionwise normality and the metric hedgehog

Theorem (Localic Tietze)
Let L be a frame. TFAE:

(1) L is normal.

(2) For each closed sublocale ¢(a) of L, each frame homomorphism
h: L(R) — c¢(a) has an extension to L.

Theorem (Cardinal extension)
Let L be a frame. TFAE:

(1) L is x-collectionwise normal.

(2) For each closed sublocale ¢(a) of L, each frame homomorphism
h: 2(J(x)) — c(a) has an extension to L.



Collectionwise normality and the compact hedgehog

Theorem (Localic Tietze)
Let L be a frame. TFAE:

(1) L is normal.

(2) For each closed sublocale ¢(a) of L, each frame homomorphism
h: L(R) — c¢(a) has an extension to L.

Theorem (Cardinal extension)
Let L be a frame. TFAE:

(1) L is totally x-collectionwise normal.

(2) For each closed sublocale ¢(a) of L, each frame homomorphism
h: 2(cJ(x)) — c(a) has an extension to L.
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Cardinal extensions of normality

There is still a final question left:

QUESTION: Can we give some kind of Katétov-type insertion
theorem for the class of (total) collectionwise normal locales?

Yes (for total collectionwise normal locales).

In this case we have to use suitable notions of upper/lower
semicontinuity, and the right cardinal generalization of the real line
is the compact hedgehog.



Semicontinuous functions

A real-valued

— function on L is a frame homomorphism f: &(R) — S(L)%;

» J.G.G, T. Kubiak, and ). Picado, Localic real functions: a general
setting, J. Pure Appl. Algebra. 213 (2009)
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lower semicontinuous.
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Semicontinuous functions

A real-valued

— function on L is a frame homomorphism f: &(R) — S(L)%;

— lower semicontinuous function on L is a frame homomorphism
f: LR) — S(L)°? such that f(r,—) is a closed sublocale for
every r € Q

— upper semicontinuous function on L is a frame homomorphism
f: LR) — S(L)°? such that f(—,r) is closed for every r € Q;

— continuous function is a function which is both upper and
lower semicontinuous.

The corresponding classes of compact hedgehog-valued functions
will be denoted by, respectively, LSC(L), USC(L) and C(L).
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Semicontinuous functions

Now, we can provide a cardinal generalization of these notions:
A compact hedgehog-valued

— function on L is a frame homomorphism f: £(cJ(x)) — S(L)°;

— lower semicontinuous function on L is a frame homomorphism
f:2(cJ(x)) — S(L)°? such that f((r,—);) is a closed sublocale
for every r € Q;

— upper semicontinuous function on L is a frame homomorphism
f:2(cJ(x)) — S(L)°? such that f((—,r);) is closed for every
re@Q;

— continuous function is a function which is both upper and
lower semicontinuous.

The corresponding classes of extended real-valued functions will be
denoted by, respectively, LSC, (L), USC,(L) and C,(L).



Cardinal extensions of Katetov-Tong insertion theorem

Theorem (Katetov-Tongs Theorem)

Let X be a topological space. TFAE:
(1) X is normal.

(2) Forevery f € USC(X,R) and g € LSC(X, R) such that f < g,
there exists h € C(X,R) such that f <h < g.



Cardinal extensions of Katetov-Tong insertion theorem

Theorem (Localic Katetov-Tongs Theorem)

Let L be a frame. TFAE:
(1) Lis normal.

(2) Forevery f € USC(L) and g € LSC(L) such that f < g, there
exists h € C(L) such that f <h < g.

» J.G.G, T Kubiak, and ). Picado, Localic real functions: a general
setting, J. Pure Appl. Algebra. 213 (2009)



Cardinal extensions of Katetov-Tong insertion theorem

Theorem (Localic Katetov-Tongs Theorem)

Let L be a frame. TFAE:
(1) Lis normal.

(2) Forevery f € USC(L) and g € LSC(L) such that f < g, there
exists h € C(L) such that f <h < g.

Theorem
Let L be a frame. TFAE:
(1) Lis normal.

(2) For every «, and every f € USC,(L) and g € LSC,(L) such that
f < g, there exists h € C,(L) such that f <h < g.



Cardinal extensions of Katetov-Tong insertion theorem

Theorem (Localic Katetov-Tongs Theorem)

Let L be a frame. TFAE:
(1) Lis normal.

(2) Forevery f € USC(L) and g € LSC(L) such that f < g, there
exists h € C(L) such that f <h < g.

Theorem (Cardinal extension)
Let L be a frame. TFAE:

(1) L is totally x-collectionwise normal.

(2) Foreacha € L and every f € USCy(c(a)) and g € LSC,.(¢(a)) such
that f < g, there exists an h € C(L) such that f < v, oh < g.



Thank you for your attention!
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