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Dedekind order completion of C(L)

A partially ordered set (P, <) is called Dedekind ordered complete if every
non—-void subset A of P which is bounded from above has a supremum and,

dually, every non—void subset B of P which is bounded from below has a
infimum.
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A partially ordered set (P, <) is called Dedekind ordered complete if every
non—-void subset A of P which is bounded from above has a supremum and,

dually, every non—void subset B of P which is bounded from below has a
infimum.

A (Dedekind) order completion of a poset (P, <) is a pair (P#,®) where
e P% is a Dedekind order complete poset,

o ®: P — P# is an order embedding (usually P C P#) that preserve all
suprema and infima that exists in P and satisfies

b=\ {0(p) € O(P) | D(p) < P}
“A{®(p) € &(P) | &(p) > B}

for every p € P,
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Introduction Motivation

o The Dedekind order completion of C(X)

Nakano (1941), Stone (1949), Dilworth (1950), Horn (1953):

— C(X) is order complete iff X is extremally disconnected.

— For a completely regular X, the normal completion of C(X) is isomorphic
with the lattice of all normal, lower semicontinuous functions on X.

Anguelov (2004), Danet (2011):

— For a completely regular X, the normal completion of C(X) is isomorphic
with the lattice of all Hausdorff continuous interval valued functions, on X.
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C(X) ={f: X = R|f is continuous}
C(X)p =

{f: X = R|f is normal, lower semicont.}
(Dilworth et al.)
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C(X)p =

{f: X = R|f is normal, lower semicont.}

(Dilworth et al.)

0, ifx<0;
VA =1

, ifx>0.

V f,: X — R is normal, lower semicont.

Dedekind order completion of C(L)
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={f: X = R|f is continuous}

C(X)?‘; - / \ C(x)j\ﬁ _

{f: X = R|f is normal, lower semicont.} {f: X = IR|f is continuous}
(Dilworth et al.) (Anguelov)

Dedekind order completion of C(L)
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\/fn(X):{?7 !iX7g' fa(x) nx, if0<x<1i
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V f,: X — R is normal, lower semicont.
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={f: X = R|f is continuous}

C(X)ﬁ _ / \ C(X)#

A =
{f: X = R|f is normal, lower semicont.}

{f: X = IR|f is continuous}
(Dilworth et al.) (Anguelov)
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if x <O0; 0,0 if 0;
Vb= (% Tx=0 0,01, ifx <
1, ifx>0. Vf(x)=1<10,1], ifx=0;
1,1, ifx>0.
V f,: X — R is normal, lower semicont. 3.3, ifx

V fn: X — IR is continuous.
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={f: X — R|f is continuous}

C(X)ﬁ _ / \ C(X)#

A =
{f: X = R|f is normal, lower semicont.}

~ {f: X = IR|f is continuous}
(Dilworth et al.) (Anguelov)
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V fn: X — IR is continuous.
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o The Dedekind order completion of C(X)

Nakano (1941), Stone (1949), Dilworth (1950), Horn (1953):
— C(X) is order complete iff X is extremally disconnected.

— For a completely regular X, the normal completion of C(X) is isomorphic
with the lattice of all normal, lower semicontinuous functions on X.

Anguelov (2004), Danet (2011):

— For a completely regular X, the normal completion of C(X) is isomorphic
with the lattice of all Hausdorff continuous interval valued functions, on X.

o Order completeness of C(L)

Banaschewski and Hong (2003):

— C(L) is order complete iff L is extremally disconnected.

— Is it possible to describe the Dedekind order completion of C(L)?
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Two alternative descriptions of the frame of reals £(R)

Generators: (pyq), pP,geQ Generators: —),(—s), rseqQ

Relations: Relations:

(R1) (p,g)A(r,s)=(pVr,gAs), (r1) (r,— = 0 whenever r > s,

(R2) (p,q) V (r,s) = (p,s) whenever r2 (r,— = 1 whenever r < s,
p<r<gqg<s, 3) (r,— (s—)and

(R3) (P,Q)ZV{(f=5)|P<f<5<q}v (_75 = ( ) )

(R4) Vp,qu(pv q) =1 reQ\’ 1= \/ ( 75)'




Introduccién

Introduction

The frame of partial reals

Dedekind order completion of C(L)

the frame of reals

Two alternative descriptions of the frame of reals £(R)
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Relations: Relations:
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- —bﬁ— - -- —)——
p r q s sr
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Two alternative descriptions of the frame of reals £(R)

Generators: (pyq), pP,geQ Generators:  (r,—),(—,s), r,seQ
Relations: Relations:
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Two alternative descriptions of the frame of reals £(R)

Generators: (pyq), pP,geQ Generators:  (r,—),(—,s), r,seQ

Relations: Relations:

(RL) (p,g) A (r,s)=(pVr,gAs), (r1) (r,—) A (—, s) = 0 whenever r > s,
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Introduction the frame of reals

How to describe the frame of extended reals £(R)?

RV aealpra)=1

Generators: (pygq), pP,geQ Generators:  (r,—),(—,s), rseQ

Relations: Relations:

(RL) (p,g) A (r,s)=(pVr,gAs), (r1) (r,—) A (—, s) = 0 whenever r > s,

(R2) (p,q) Vv (r,s) = (p,s) whenever (r2) (r,—) V (—,s) =1 whenever r <,
p<r<gqg<s, (r3) (r,—) = V,s,(s,—) and

(R3) (p,q) = V{(r,s)[p<r<s<gq}, (=9) = V,esl=1),

oo
)

R U {oco}

R = [—00, +0]
e - —
—00 s p +00
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We will use the second description:

Generators: (r,=),(—s), rseqQ

Relations:
r1) (r,—) A (—,s) = 0 whenever r > s,
r2) (r,—) V (—,s) = 1 whenever r < s,

(r1)
(r2)
(3) (r,—) = Vs (s:—) and (= 5) =V, (=),
(r4) V,co(r:—) = 1=V eo(—9):
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TIAGL[TTodle]i]  the ring of continuous real functions on a frame: C(L)

Since continuous real functions on a space X may be represented as frame ho-
momorphisms h: £(R) — OX, we have the equivalence:

| C(X) = Top(X, E) -~ Frm(£(R), OX)|
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Since continuous real functions on a space X may be represented as frame ho-
momorphisms h: £(R) — OX, we have the equivalence:

| C(X) = Top(X, E) -~ Frm(£(R), OX)|

Regarding the frame homomorphisms £(R) — L, for a general frame L, as the
continuous real functions on L provides a natural extension of the classical notion.
They form a lattice-ordered ring that we denote

| C(L) = Frm(£(R), L) |
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Since continuous real functions on a space X may be represented as frame ho-
momorphisms h: £(R) — OX, we have the equivalence:

| C(X) = Top(X, E) -~ Frm(£(R), OX)|

Regarding the frame homomorphisms £(R) — L, for a general frame L, as the
continuous real functions on L provides a natural extension of the classical notion.
They form a lattice-ordered ring that we denote

| C(L) = Frm(£(R), L) |

C(L) = Frm(£ (R), L) is partially ordered by

f<giff f(r,—)<g(r,—) forallreQ iff g(—,r) < f(—r) forallreQ.
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ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Since continuous real functions on a space X may be represented as frame ho-
momorphisms h: £(R) — OX, we have the equivalence:

| C(X) = Top(X, E) -~ Frm(£(R), OX)|

Regarding the frame homomorphisms £(R) — L, for a general frame L, as the
continuous real functions on L provides a natural extension of the classical notion.
They form a lattice-ordered ring that we denote

| C(L) = Frm(£(R), L) |

C(L) = Frm(£ (R), L) is partially ordered by

f<giff f(r,—)<g(r,—) forallreQ iff g(—,r) < f(—r) forallreQ.

C(X) is isomorphic, as a lattice-ordered ring, to the function ring C(OX).
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ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0,

(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, f(s,—) and f(—r) = V., f(—5),
(r4) Voo f(rn—) =1=V, o f(—=10)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q

h(r,—) =\ fi(r,—) and h(—r)=YV (V ﬁ.(,’_))* :

iel s<r \iel
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Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0,

(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, f(s,—) and f(—r) = V., f(—5),
(r4) Voo f(rn—) =1=V, o f(—=10)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q .
hr—) =V A(r—) and  h(—r)=V (v fi(r. —)) :
iel s<r \i€l

(r1) if r <'s, then h(—, r) A h(s,—)
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ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, f(s,—) and f(—r) = V., f(—5),

(r4) Vg f(r—) =1=V,eo f(—=1)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q .
hr—) =V A(r—) and  h(—r)=V (v fi(r. —)) :
iel s<r \i€l

(r1) if r <s, then h(—,r) A h(s,—) = --- =0.
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ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, f(s,—) and f(—r) = V., f(—5),

(r4) Vg f(r—) =1=V,eo f(—=1)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q

h(r,—) =\ fi(r,—) and h(—r)=YV (V ﬁ.(,’_))* :

iel s<r \iel

(r3) \/s>r h(s,—) and \/S<r h(—,s)



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) VvV f(s,—) =1,

(r3) f(r,—) =V, f(s,—) and f(—r) =V, f(—s), V
(r4) Voo f(rn—=) =1=V, o f(—=1n)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q

h(r,—) =\ fi(r,—) and h(—r)=YV (V ﬁ.(,’_))* :

iel s<r \iel

(r3) \/s>r h(s,—)=---= h(r,—) and \/S<r h(—,s) =+ = h(—,r).



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) VvV f(s,—) =1,

(r3) f(r,—) =V, f(s,—) and f(—r) =V, f(—s), V
(r4) Voo f(rn—=) =1=V, o f(—=1n)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q

h(r,—) =\ fi(r,—) and h(—r)=YV (V ﬁ.(,’_))* :

iel s<r \iel

(r4) VreQ h(rv_) and VreQ h(_7 I‘)



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) VvV f(s,—) =1,

(r3) f(r,—) =V, f(s,—) and f(—r) =V, f(—s), V
(r4) Voo f(rn—=) =1=V, o f(—=1n)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q

h(r,—) =\ fi(r,—) and h(—r)=YV (V ﬁ.(,’_))* :

iel s<r \iel

(r4) V,eq h(r, =) =---=1 and V,egh(—r)=---=1



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0, %
(r2) if s < r, then f(—,r) VvV f(s,—) =1,

(r3) f(r,—) =V, f(s,—) and f(—r) =V, f(—s), V
(r4) Voo f(rn—=) =1=V, o f(—=1n)

feC(l)

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q .
hr—) =V A(r—) and  h(—r)=V (v fi(r. —)) :
iel s<r \i€l

(r2) if s < r, then h(—, r) V h(s,—)



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0,

(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, fs,—) and f(—r) = V., f(—5),
(r4) Voo f(rn—=) =1=V, o f(=1n)

feC(l)

< < X <

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q .
Hr) = Vi) and b=V (Vi)
i€l s<r \i€el
(r2) if s < r, then h(—, r) V h(s,—) # 1 in general.



Introduccién The frame of partial reals Dedekind order completion of C(L)

ALY Idlo]i]  the ring of continuous real functions on a frame: C(L)

Given a map f: £(R) — L, in order to check that f € C(L) it is enough to prove
that it turns the defining relations (r1)—(r4) of £(R) into identities in L, i.e.

(r1) if r <, then f(—,r) A f(s,—) =0,

(r2) if s < r, then f(—,r) Vv f(s,—) =1,

(r3) f(r,=) = Vs, fs,—) and f(—r) = V., f(—5),
(r4) Voo f(rn—=) =1=V, o f(=1n)

feC(l)

< < X <

Let {fi}ics C C(L) and f € C(L) be such that f; < f for all i € /.

If we define for each r € Q .
Hr) = Vi) and b=V (Vi)
iel s<r \i€el
We cannot ensure that h € C(L) because of (r2).

‘ C(L) fails to be Dedekind order complete because of (r2)! ‘




Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:
(r1) (r,—) A (—,s) = 0 whenever r > s,

(r3) (rv_) = VS>r(5’_) and (_7 5) = Vr<s(_7 r)'
(r4) \/,eQ(I‘,—) =1= \/seQ(_7 5)'
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The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:
(r1) (r,—) A (—, s) = 0 whenever r > s,

(r3) (rv_) = vs>r(5v_) and (_7 5) Vr<s( ) )
(r4) Vre@(rf_) =1= \/seQ(_7 5)'

. IR={a:=[a,a) CR|a,a€Rand a <3}



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:
(r1) (r,—) A (—, s) = 0 whenever r > s,

(r3) (rv_) = vs>r(5v_) and (_7 5) Vr<s( ) )
(r4) \/,e@(r:_) =1= \/seQ(_7 5)'

. IR={a:=[a,a) CR|a,a€Rand a <3}
aCb iff [a,3] 2 [b, b



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:

(r1) (r,—) A (—, s) = 0 whenever r > s,

(r2) (r,—) V (—,s) = 1 whenever r < s,

(r3) (I‘,—) = V5>r(5a—) and (_7 5) = Vr<s(_7 r)'
(r4) \/,e@(r:_) =1= \/seQ(_7 5)'

. IR={a:=[a,a) CR|a,a€Rand a <3}
aCb iff [a,3] 2 [b, b

(IR, C) is partial real line (or interval-domain)



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:

(r1) (r,—) A (—, s) = 0 whenever r > s,

(r2) (r,—) V (—,s) = 1 whenever r < s,

(r3) (I‘,—) = V5>r(5a—) and (_7 5) = Vr<s(_7 r)'
(r4) \/,e@(r:_) =1= \/seQ(_v 5)'

. IR={a:=[a,a) CR|a,a€Rand a <3}
aCb iff [a,3] 2 [b, b
(IR, C) is partial real line (or interval-domain)

The Scott topology on (IR, C) is isomorphic with £(IR)



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:
(r1) (r,—) A (—, s) = 0 whenever r > s,

(r3) (rv_) = vs>r(5v_) and (_7 5) Vr<s( ) )
(r4) \/,e@(r:_) =1= \/seQ(_7 5)'

IR={a:=[a,3] CR|a,a€Rand a <3}
aCb iff [a,3] 2 [b, b

(IR, C) is partial real line (or interval-domain)
The Scott topology on (IR, C) is isomorphic with £(IR)
(r,—)={a€lR|[r,r] < a}



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals £(IR)

Generators: (r,=),(—s), rseQ

Relations:
(r1) (r,—) A (—,s) = 0 whenever r > s,

(r3) (rv_) = VS>r(5’_) and (_7 5) = Vr<s(_7 r)'
(r4) \/,eQ(I‘,—) =1= \/seQ(_7 5)'

IR={a:=[a,3] CR|a,a€Rand a <3}
aCb iff [a,3] 2 [b b

(IR, C) is partial real line (or interval-domain)

s,s
] The Scott topology on (IR, C) is isomorphic with £(IR)

(r,—)={a€lR|[r,r] < a} (—s)={aclR|a<[s,s]}



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals continuous partial real functions

A continuous partial real function on a frame L is a frame homomorphism
h: £(IR) — L. We denote:

’IC(L) = Frm(£(IR), L) \




Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals continuous partial real functions

A continuous partial real function on a frame L is a frame homomorphism
h: £(IR) — L. We denote:

’IC(L) = Frm(£(IR), L) \

IC(L) is partially ordered by

f<g iff f(r,—)<g(r,—)and g(—,r)<f(—,r) foralreQ.



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals continuous partial real functions

A continuous partial real function on a frame L is a frame homomorphism
h: £(IR) — L. We denote:

’IC(L) = Frm(£(IR), L) \

IC(L) is partially ordered by

f<g iff f(r,—)<g(r,—)and g(—,r)<f(—,r) foralreQ.
Using the obvious surjective frame homomorphism ¢: £(IR) — £(R), continuous

real maps h € C(L) are in a one-to-one correspondence with the h = o-h € IC(L)
such that h(—, r) v h(s,—) = 1 whenever s < r.

he C(L) — heIC(L) such that

h(— r)V h(s,—) =1 whenever s < r



Introduccién The frame of partial reals Dedekind order completion of C(L)

The frame of partial reals continuous partial real functions

A continuous partial real function on a frame L is a frame homomorphism
h: £(IR) — L. We denote:

’IC(L) = Frm(£(IR), L) \

IC(L) is partially ordered by
f<g iff f(r,—)<g(r,—)and g(—,r)<f(—,r) foralreQ.
Using the obvious surjective frame homomorphism ¢: £(IR) — £(R), continuous

real maps h € C(L) are in a one-to-one correspondence with the h = o-h € IC(L)
such that h(—, r) v h(s,—) = 1 whenever s < r.

he C(L) — heIC(L) such that
h(— r)V h(s,—) =1 whenever s < r

So we will consider C(L) as a subset of IC(L).



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <s, then h(—,r) A h(s,—) =0,
helC(l) < (r3) h(r,—) = V.5, h(s,—) and h(—,r) =/ _, h(—,s),
(r4) VrEQ h(rv_) =1= VreQ h(_7 r)'



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <'s, then h(—,r) A h(s,—) =0, %4
helC(l) < (r3) h(r,—) = V.5, h(s,—) and h(—,r) =/ _, h(—,s),

(r4) \/rec@ h(r?_) =1= VreQ h(_7 r)'
Let {hi}ies C C(L) be such that there exists an f € C(L) such that h; < h for

alliel.
If we define for each r € Q

h(r,—) =\ hi(r,—) and  h(—r)=\ A hi(—,s):

iel s<riel

(r1) if r <s, then h(—,r) A h(s,—) = 0.



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <'s, then h(—,r) A h(s,—) =0,

helC(L) — (r3) h(r,—) = V., h(s,—) and h(—,r) =\/,_, h(—s), V
(r4) \/rec@ h(r?_) =1= VreQ h(_7 r)'

Let {hi}ies C C(L) be such that there exists an f € C(L) such that h; < h for

alliel.
If we define for each r € Q

h(r,—) =\ hi(r,—) and  h(—r)=\ A hi(—,s):

iel s<riel

(r3) Vs, h(s,—) = h(r,—) and Ve, B(—,8) = h(—,r).



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <'s, then h(—,r) A h(s,—) =0,

helC(L) — (r3) h(r,—) = V., h(s,—) and h(—,r) =\/,_, h(—s), V
(r4) \/rec@ h(r?_) =1= VreQ h(_7 r)'

Let {hi}ies C C(L) be such that there exists an f € C(L) such that h; < h for

alliel.
If we define for each r € Q

h(r,—) =\ hi(r,—) and  h(—r)=\ A hi(—,s):

icl s<riel

(r4) VreQ h(r,—) =1 and VreQ h(—,r)=1.



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <'s, then h(—,r) A h(s,—) =0,

helC(L) — (r3) h(r,—) = V., h(s,—) and h(—,r) =\/,_, h(—s), V
(r4) \/rec@ h(r?_) =1= VreQ h(_7 r)'

Let {hi}ies C C(L) be such that there exists an f € C(L) such that h; < h for

alliel.
If we define for each r € Q

h(r,—) =\ hi(r,—) and  h(—r)=\ A hi(—,s):

icl s<riel

Hence h € IC(L).



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <'s, then h(—,r) A h(s,—) =0,

helC(L) — (r3) h(r,—) = V., h(s,—) and h(—,r) =\/,_, h(—s), V
(r4) \/rec@ h(r?_) =1= VreQ h(_7 r)'

Let {hi}ies C C(L) be such that there exists an f € C(L) such that h; < h for

alliel.
If we define for each r € Q

h(r,—) =\ hi(r,—) and  h(—r)=\ A hi(—,s):

icl s<riel

Hence h € IC(L). Moreover, h = V}g,(” hi.



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L) IC(L)

Given a map h: £(IR) — L, in order to check that h € IC(L) it is enough to
prove that it turns the defining relations of £(IR) into identities in L, i.e.

(r1) if r <s, then h(—,r) A h(s,—) =0,
helC(Ll) < (r3) h(r,—) = V., h(s,—) and h(—,r) =\/,_, h(—s), V
(r4) Vre@ h(rv_) =1= Vre@ h(_7 r)'

Consequently we have the following:

Proposition
IC(L) is Dedekind order complete. J




Introduccién

The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)

IC(L)
Recall that we can consider C(L) as a subset of IC(L).

1C(L)

C(L) = {h e 1C(L)]|
h(— r)V h(s,—) = 1

for each s < r}
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The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)

IC(L)
Recall that we can consider C(L) as a subset of IC(L).

1C(L)

C(L) ={heIC(L)|
h(—r)V h(s,—) =1
for each s < r}

Now, since IC(L) is Dedekind order complete it follows that it contains
the Dedekind order completion of all its subsets, in particular C(L).



Introduccién

The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)
IC(L)
Recall that we can consider C(L) as a subset of IC(L).

1C(L)

C(L)* = {heIC(L)| 777}

C(L) ={heIC(L)|
h(—,r)V h(s,—) =1
for each s < r}

Now, since IC(L) is Dedekind order complete it follows that it contains
the Dedekind order completion of all its subsets, in particular C(L).



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L)

There is no essential loss of generality if we restrict ourselves to completely
regular frames, so L will denote a completely regular frame in what follows.
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Dedekind order completion of C(L)

There is no essential loss of generality if we restrict ourselves to completely
regular frames, so L will denote a completely regular frame in what follows.

Recall that if £ € C(L) then

_ , f(S,—)* S f(_7 r)
(r2) f(—r)Vf(s,—)=1 Vs<r = (r2) ) < F(5.—) Vs<r
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Dedekind order completion of C(L)

There is no essential loss of generality if we restrict ourselves to completely
regular frames, so L will denote a completely regular frame in what follows.

Recall that if £ € C(L) then

_ , f(S,—)* S f(_7 r)
(r2) f(—r)Vf(s,—)=1 Vs<r = (r2) ) < F(5.—) Vs<r

Moreover, if L is extremally disconnected then the converse is also true.



Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L)

There is no essential loss of generality if we restrict ourselves to completely
regular frames, so L will denote a completely regular frame in what follows.

Recall that if £ € C(L) then

f(S,—)* S f(_7 r)

(r2) f(—,r)Vf(s,—)=1 Vs<r = (r2) Vs <r
f(_7 I’)* S f(57_)

Moreover, if L is extremally disconnected then the converse is also true.

Let us denote

C(L)*={helIC(L)| (1) 3f,gcC(L): f<h<g
(2) h(s,—)" < h(—,r) and h(—,r)" < h(s,—) if s < r}




Introduccién The frame of partial reals Dedekind order completion of C(L)

Dedekind order completion of C(L)

There is no essential loss of generality if we restrict ourselves to completely
regular frames, so L will denote a completely regular frame in what follows.

Recall that if £ € C(L) then

f(S,—)* S f(_7 f’)

(r2) f(—,r)Vf(s,—)=1 Vs<r = (r2) Vs <r
f(_7 I’)* S f(57_)

Moreover, if L is extremally disconnected then the converse is also true.

Let us denote

C(L)*={helIC(L)| (1) 3f,gcC(L): f<h<g
(2) h(s,—)" < h(—,r) and h(—,r)" < h(s,—) if s < r}

It follows that
C(L) c C(L IC(L)

)
If L is extremally disconnected then C(L) = ( ).
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The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)
C(L)*={heIC(L)| (1) 3f,gcCl): f<h<g

(2) h(s,—)" < h(—,r) and h(—,r)" < h(s,—) if s < r}
1C(L)

C(L)"

C(L) = {h e IC(L)|

h(—, r)V h(s,—) =1

for each s < r}



Introduccién

The frame of partial reals

Dedekind order completion of C(L)
Lemma

Dedekind order completion of C(L)

C(L)* is Dedekind order complete.
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The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)

1C(L)

C(L)* is Dedekind order complete

C(L) = {heIC(L)]|
h(—, r)V h(s,—) = 1

for each s < r}
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The frame of partial reals

Dedekind order completion of C(L)

Dedekind order completion of C(L)

1C(L)

C(L)* is Dedekind order complete
oy”

C(L) = {heIC(L)]|
h(—, r)V h(s,—) = 1

for each s < r}



Introduccién

The frame of partial reals

Dedekind order completion of C(L)
Lemma

Dedekind order completion of C(L)
C(L)* is Dedekind order complete.
Corollary

C(L) is Dedekind order complete if and only if L is extremally disconnected.
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Dedekind order completion of C(L)

Lemma
C(L)* is Dedekind order complete.

Corollary

C(L) is Dedekind order complete if and only if L is extremally disconnected.

Lemma
Let L be a completely regular frame and let h € C(L)*. Then

="V {fecw) | f<h=Vigecw) heg)
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Dedekind order completion of C(L)

Lemma
C(L)* is Dedekind order complete.

Corollary

C(L) is Dedekind order complete if and only if L is extremally disconnected.

Lemma
Let L be a completely regular frame and let h € C(L)*. Then

h="Virecw f<m=Vigecw h<ey

Theorem

Let L be a completely regular frame. Let L be a frame. Then the Dedekind
order completion C(L)#* of C(L) coincides with C(L)*, i.e. the set of
continuous partial functions, h € IC(L) such that:

(1) there exist f,g € C(L) such that f < h<g
(2) h(s,—)* < h(—,r) and h(—,r)* < h(s,—) for any s < r.
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Dedekind order completion of C*(L)

The bounded case follows similarly:

An h € IC(L) is said to be bounded if there exists r € Q such that h(—r,r) = 1.

We denote
IC*(L) = {he€IC(L)|h is bounded};
C*(L)* = C(L)*NnIC*(L);
C*(L) = C(L)NIC*(L).
Proposition

For any completely regular frame L, C*(L)* is the Dedekind order completion
of C*(L).

Proposition

For any completely regular frame L, C*(L) is Dedekind order complete if and
only if L is extremally disconnected.
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Dedekind order completion of 3L

The integer-valued case also follows similarly:

An h € IC(L) is said to be integer-valued if f(r,s) = f (|r],[s]) forall r,s € Q,
(where | r| denotes the biggest integer < r and [s] the smallest integer > s).

We denote

IC(L,Z) = {heIC(L)]his integer-valued};

C(L,z)* = C(L)*NIC(L,Z),

3L~C(LZ) = C(L)NIC(LZ).

Proposition
For any zero-dimensional frame L, C(L,Z)" is the Dedekind order completion
of C(L,Z).
Proposition

For any zero-dimensional frame L, C(L,Z) is Dedekind order complete if and
only if L is extremally disconnected.




Dedekind order completion of C(L)

Eskerrik asko
Muchas gracias

Thank you
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