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Background: Alternative description Main results

Background: the frame of reals £(R)

£(R) = FRM( (p,q) p,q € Q|

(R1) (p,g)A(r,s)=(pVr,gns)

(R2) p<r<g<s = (p,qV(r,s)=(p,s)
(R3) (p,q)=V{(r.s)Ip<r<s<aq}

(R4 V{(p,q) |p.geQ} =1).

¥ B. Banaschewski and C. J. Mulvey,
Stone-Cech compactification of locales I,
J. Pure Appl. Algebra 33 (1984) 107—122.

¥ B. Banaschewski,
The real numbers in pointfree topology,
Textos de Matematica, Série B, 12, Univ. de Coimbra, 1997.
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Background: Alternative description Main results

Background: the commutative f-ring RL

RL =Frm(£(R), L)

¥ B. Banaschewski,
The real numbers in pointfree topology,
Textos de Matematica, Série B, 12, Univ. de Coimbra, 1997.
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Background: Alternative description Main results

Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)
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Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)

Algebraic operations

Let (p,q) ={reQ|p<r<aq}letee{+,,AV}, and let

(r,s)o(t,uy={xoy|xe(r,syandy € (t,u)}.
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Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)

Algebraic operations

Let (p,q) ={reQ|p<r<aq}letee{+,,AV}, and let
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Background:

Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)

Algebraic operations

Let (p,q) ={reQ|p<r<aq}letee{+,,AV}, and let
(r,s)o(t,uy={xoy|xe(r,syandy € (t,u)}.
Given fy, f,, f € C(L) and r € Q, we define

(Fon)(pq) = V{A(LS)AR(LU)|(rs)o(tu) < (p.q)},

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Background:

Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)

Algebraic operations

Let (p,q) ={reQ|p<r<aq}letee{+,,AV}, and let
(r,s)o(t,uy={xoy|xe(r,syandy € (t,u)}.
Given fy, f,, f € C(L) and r € Q, we define

(hok)p,q) = V{f(r,s)Ak(t,u)|(r,s)o(tu)C(p,q},
(-Np.q) = f(-q,-p),
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Background:

Background: the commutative f-ring C(L)

We shall denote by C(L) the set of all continuous real functions on L:

C(L) = Frm(£(R), L)

Algebraic operations

Let (p,q) ={reQ|p<r<aq}letee{+,,AV}, and let
(r,s)o(t,uy={xoy|xe(r,syandy € (t,u)}.
Given fy, f,, f € C(L) and r € Q, we define

(hok)p,q) = V{f(r,s)Ak(t,u)|(r,s)o(tu)C(p,q},
(-Np.q) = f(-q,-p),

_ 1 ifre(p,q,
"p.9) = {0 otherwise.
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Background: Alternative description Main results

Background: the commutative f-ring C(L)

These operations satisfy all the axioms in Q so that (C(L), +, -, <)
becomes a commutative archimedean and strong f-ring with unit 1.
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Background: Alternative description Main results

Background: the commutative f-ring C(L)

These operations satisfy all the axioms in Q so that (C(L), +, -, <)
becomes a commutative archimedean and strong f-ring with unit 1.

We also have the following descriptions of the partial order:

fi<h fi(p,—) < k(p,—) forallpeQ

b(-,q) < fi(—.q) forallgeQ

fi(r,=)ANfo(—,r)=0 forallreQ
(

b(p,—)Vh(-q)=1 foralp<geQ

t o0

¥ B. Banaschewski,
The real numbers in pointfree topology
Textos de Matematica, Série B, 12, Univ. de Coimbra, 1997.
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Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
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Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a

S(L) =
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Background: Alternative description

Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a

foreachac L
S(L) = ¢(a) : closed

o(a) : open
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Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
foreachace L
S(L) = ¢(a) : closed

complemented
o(a) : open

.\/ C(a,‘) = C(\/ a,)
el el subframe ¢L := {c(a):ac L} ~ L
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J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Background: Alternative description Main results

Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
foreachace L
S(L) = ¢(a) : closed

complemented
o(a) : open

.\/ C(a,‘) = C(\/ a,)
el el subframe ¢L := {c(a):ac L} ~ L
(@ Ace(b)=c(anb)

C(S(L)) = Frm(£(R), S(L))

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Background: Alternative description Main results

Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
foreachace L
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Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
foreachace L
S(L) = ¢(a) : closed

complemented
o(a) : open

.\/ C(a,‘) = C(\/ a,)
el el subframe ¢L := {c(a):ac L} ~ L
(@ Ace(b)=c(anb)

F(L) = C(S(L)) = Frm(£(R), S(L))

C(L) = Frm(£(R), L)
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Background: Alternative description Main results

Background: the sublocale lattice S(L)

Frm| locale L, subobject lattice: is a
foreachace L
S(L) = ¢(a) : closed

complemented
o(a) : open

.\/ C(a,') = C(\/ a,)
el el subframe ¢L := {c(a):ac L} ~ L
(@ Ace(b)=c(anb)

F(L) = C(S(L)) = Frm(£(R), S(L))

C(L) = Frm(£(R), L) ~ {f € F(L) | f(£(R)) C cL}
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Background:

Background: the frame of reals £(R)

£(R) = FRM( (p,q) p,q € Q|

(R1) (p,g)A(r,8)=(pVr,gAs)

(R2) p<r<qg<s = (p,q)V(r,s)=(p,s)
(R3) (p,q)=Vi(rs)Ip<r<s<gq}

(R4) V{(p,q)|p.qeQ}=1).
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Background: the frame of reals £(R)

£(R) = FRM( (p,q) p,q € Q|

(R1) (p,g)A(r,8)=(pVr,gAs)
(R2) p<r<qg<s = (p,q)V(r,s)=(p,s)
(R3) (p,q)=Vi(rs)Ip<r<s<gq}
(R4) V{(p,q)|p.qeQ}=1).
(—a) =V
PEQ
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Background:

Background: the frame of reals £(R)

£(R) = FRM( (p,q) p,q € Q|

(R1) (p,g)A(r,8)=(pVr,gAs)

(R2) p<r<qg<s = (p,q)V(r,s)=(p,s)

(R3) (p,q)=Vi(r,s)Ip<r<s<aq}

(R4) V{(p,q)|p.qeQ}=1).

(—a) =\ (p.a) (0.-) =\ (p,9)
psQ qeQ

L(R)=((-,9) [q€Q)
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Background:

Background: the frame of reals £(R)

£(R) = FRM( (p,q) p,q € Q|

(R1) (p.g)n(r,s)=(pVr,qNs)
(R2) p<r<g<s = (p,q)V(r,s)=(p,s)
(R3) (b,q)=V{(r,s)|p<r<s<aq}
(R4) V{(p.q)Ip.geQ} =1).
(—a) =V (0, =)=\ (P, @)
peQ qeQ
L(R)=((-,9) [q€Q) Lu(R) ={(p,—) | p€Q)
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£:(R) = FRM< (pv _)7 (_a q) p,qeQ |
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£:(R) = FRM< (pv _)7 (_a q) p,qeQ |

(I’1) pzq = (p,—)/\(—,Q):O
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£:(R) = FRM< (pv _)7 (_a q) p,qeQ |
(I’1) PZQ = (p,—)/\(—,Q):O

(r2) p<qg = (P,—)V(-q)=1
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£(R) = FRM( (p,—).(—q) p,g € Q|
(M) pzq = (P,-)A(-Qq)=0
) p<qg = (p—)V(-q =1
(r3) (P,—) =V sp(r,—)
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£(R) = FRM( (p,—).(—q) p,g € Q|
(M) pzqg = (P.—)A(-9q)=0
) p<qg = (p—)V(-q =1
(r3)  (p.—) =V 2p(r,—) (r4) (=9) = Vsq(—9)
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£(R) = FRM( (p,—).(—q) p,g € Q|
(M) pzqg = (P.—)A(-9q)=0
) p<qg = (p—)V(-q =1
(r3)  (p.—) =V 2p(r,—) (r4) (=9) = Vsq(—9)

(r5) VPeQ(pv —)=1
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Background:
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£(R) = FRM( (p,—).(—q) p,g € Q|
(M) pzqg = (P.—)A(-9q)=0
) p<qg = (p—)V(-q =1
(r3)  (p.—) =V 2p(r,—) (r4) (=9) = Vsq(—9)

(r5) VPQQ(pa —)=1 (r6) quQ(_’ q) = 1>
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Background:

Alternative description
Background: the frame of reals £(R)

As we shall deal with frames of lower and upper reals too, we take
(r,—) and (—, r) as primitive notions:

£(R) = FRM( (p,—), (- q) p,q € Q|
(M) pzqg = (P.—)A(-9) =0
() p<qg = (p—)V(=q) =1
(r3)  (p.—) =V 2p(r,—) (r4) (=9) = Vsq(—9)
(5 Vpeqlp:—) =1 (16)  Vgeo(—a)=1).
¥ Y.-M. Li, G.-J. Wang,

Localic Katétov-Tong insertion theorem and localic Tietze extension
theorem,

Comment. Math. Univ. Carolinae 38 (1997) 801-814.
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Background:

Background: the frames of upper and lower reals £,(R) aand £/(R)

(M) p2q = (P,—)A(-Qq)=0

() p<qg = (p.-)V(-Qq) =1
(r3) (p.=)=Vysp(r,=)  (14) (=9) =Vseq(—9)
(r5)  Vpeglp—) =1 () Vgeol—a) =1

(With (p, q) = (p,—) A (—, ) one goes back to (R1)-(R4))
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Background:

Background: the frames of upper and lower reals £,(R) aand £/(R)

(|’3) (pv_) = \/r>p(r7_)
(r5) \/peQ(p’ _) =1

Lu(R) = FRM{{(p,—) | p€Q, (r,—) satisfy (r3) and (r5)})
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Background:

Background: the frames of upper and lower reals £,(R) aand £/(R)

(I’4) (_7 q) = VS<q(_7 S)
(r6) qu(@(_7 q) =1

LI(R) = FRM{{(—,r)|reQ, (—,r) satisfy (r4) and (r6)})
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Background:

Background: the frames of upper and lower reals £,(R) aand £/(R)

M) pzqg = ((P-)A(-q=0

(r2) p<q = (p,—)V(—~q) =1
(r3) (p.=)=Vysp(r,=)  (4) (=9) =Vseq(—9)
(r5)  Vpeglp:—) =1 (6)  Vgegl—a) =1

Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (r3) and (r5)})
LI(R) = FRM{{(—,r)|reQ, (—r) satisfy (r4) and (r6)})
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Background: Alternative description Main results

Background: the frames of upper and lower reals £,(R) aand £/(R)

(r1 p 2 q - (,D, _) A (_’ q)
() p<qg = (p,—)V(-9)
(|’3) (pv_) = Vr>p(r7_) (I’4) (_7 q) = Vs<q(_7 S)

(r5) \/peQ(pa _) =1 (r6) qu@(_7 q) =1

0
1

)
)

Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (r3) and (r5)})
LI(R) = FRM{{(—,r)|reQ, (—r) satisfy (r4) and (r6)})

LSC(L) = {f € F(L) | f(£u(R)) C cL}

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Background: Alternative description Main results

Background: the frames of upper and lower reals £,(R) aand £/(R)

(r1 p 2 q - (,D, _) A (_’ q)
() p<qg = (p,—)V(-9)
(I’S) (pv_) = Vr>p(r7_) (I’4) (_7 q) = Vs<q(_7 S)

(r5) \/peQ(pa _) =1 (r6) qu@(_7 q) =1

0
1

)
)

Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (r3) and (r5)})
LI(R) = FRM{{(—,r)|reQ, (—r) satisfy (r4) and (r6)})

LSC(L) = {f € F(L) | f(£u(R)) C cL}

USC(L) = {f e F(L) | f(£(R)) € cL}
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Background: Alternative description

(r1
(r2

p=zq = (p’_)/\(_’q

)
) p<q — (pa_)\/(_vq

(r5) \/peQ(pa _) = 1 (r6) qu(@(

(I’3) (pv_) = Vr>p(r7_) (I’4) (_7 q) = VS<q(_7 S)

_7q):1

Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (r3) and (r5)})
LI(R) = FRM{{(—,r)|reQ, (—r) satisfy (r4) and (r6)})

LSC(L) = {f € F(L) | f(£u(R)) C cL}

C(L) =

USC(L) = {f e F(L) | f(£(R)) € cL}

LSC(L) N USC(L)
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Background: Alternative description Main results

“The set C(X) of all continuous, real-valued functions on a
topological space X will be provided with an algebraic
structure and an order structure. Since their definitions do
not involve continuity, we begin by imposing these structures
on the collection R of all functions from X into the set R of
real numbers. [...]

In fact, it is clear that RX is a commutative ring with unity
element (provided that X is non empty). [...]

Therefore C(X) is a commutative ring, a subring of RX.”

¥ L. Gillman and M. Jerison,
Rings of Continuous Functions
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Main results
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Background:

Alternative description

Main results

(C(L),+, -, <) is a commutative f-ring, a subring of (F(L), +, -, <).
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Background:

Alternative description

Main results

(C(L),+, -, <) is a commutative f-ring, a subring of (F(L), +, -, <).

f e USC(L) = —f e LSC(L)
The posets (USC(L), <) and (LSC(L), <) are order isomorphic.

J. Gutiérrez Garcia
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Background:

Alternative description

Main results

(C(L),+, -, <) is a commutative f-ring, a subring of (F(L), +, -, <).

Question feUSC(L) <= —feLSC(L)

The posets (USC(L), <) and (LSC(L), <) are order isomorphic.
What else can be said about (USC(L), +, -, <) and (LSC(L), +,-,<)?

=] =
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Background:

Background: the frame of extended reals £(R)

(r1)
(r2)

(r3) (p,—)

p>q =
p<q —
:\/r>p(r7_)

(p,—) A

(p,—) v
(rd)

(—q

(_7 q) =

(r5) \/peQ (pv _) =

1

(r6) \/qe@(_7

vs<q(_’ S)
q) =

1

¢R) =

FRM<{(:D7 _)7 (_

J. Gutiérrez Garcia

,q) p,q € Q, (r,—) satisfy (r1)—(r6)})
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Background:

Background: the frame of extended reals £(R)

() p<qg = (p,—)V(-9)
(r3) (p7_) = \/r>p(r7_) (r4) (_7 q) = \/s<q(_7 S)

A 0
\ 1

&R) = FRM{{(p,—),(—q) p,q € Q, (r,—) satisfy (r])=(r4)})
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Background:

Background: the frame of extended reals £(R)

(r3) (pv_) = \/r>p(r7_)

Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (13)})
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Background:

Background: the frame of extended reals £(R)

(r4) (_7 q) = \/s<q(_a S)

£(R) = FRM{{(—r)|reQ, (—,r) satisfy (r4)})
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Background:

Background: the frame of extended reals £(R)

() p<qg = (p,—)V(-9)
(r3) (p7_) = \/r>p(r7_) (r4) (_7 q) = \/s<q(_7 S)

A 0
\ 1

&R) = FRM{{(p,—),(—q) p,q € Q, (r,—) satisfy (r])=(r4)})
Ly(R) = FRM({(p,—) | p€Q, (r,—) satisfy (13)})
£(R) = FRM{{(—,r)|reQ, (—,r)satisfy (14)})
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Background: Alternative description

Background: the frame of extended reals £(R)

(r1) PZCI = (p,—)/\(—,Q)
() p<qg = (p,—)V(-9)
(r3) (pv_) = \/r>p(r7_) (r4) (_7 q) = \/s<q(_7 S)

0
1

R) = FRM({(p,—),(—q) p,q € Q, (r,—) satisfy (r1)—(14)})
Lu(R) = FRM({(p,—)|p € Q, (r,—) satisfy (13)})
R) = FRM{{(—r)|reQ, (—,r) satisfy (r4)})

F(L) = Frm(£(R), S(L))
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Background: Alternative description

Background: the frame of extended reals £(R)

(r1) PZCI = (p,—)/\(—,Q):O
() p<qg = (P,)V(—Qq) =1
(r3) (pv_) = \/r>p(r7_) (r4) (_v q) = \/s<q(_7 S)

R) = FRM({(p,—),(—q) p,q € Q, (r,—) satisfy (r1)—~(r4)})
Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (13)})
R) = FRM{{(—r)|reQ, (—,r) satisfy (r4)})

F(L) = Frm(£(R), S(L))

LSC(L) = {f € F(L) | f(£,(R)) <L}
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Background: Alternative description

Background: the frame of extended reals £(R)

(r1) pzq = (p,—)/\(—,Q):O
(r2) p<gqg = (pa_) v (_7q =1
(r3) (pv_) = Vr>p(r7_) (r4) (_v q) = Vs<q(_7 S)

R) = FRM({(p,—),(—q) p,q € Q, (r,—) satisfy (r1)—~(r4)})
Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (13)})
R) = FRM{{(—r)|reQ, (—,r) satisfy (r4)})

F(L) = Frm(£(R), S(L))

LSC(L) = {f € F(L) | f(£,(R)) <L}

USC(L) = {f € F(L) | A((R)) < cL}
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Background: Alternative description

Background: the frame of extended reals £(R)

(r1) pzq = (p,—)/\(—,Q):O
(r2) p<gqg = (pv_) v (_7q =1
(r3) (pv_) = Vr>p(r7_) (r4) (_v q) = \/s<q(_7 S)

R) = FRM({(p,—),(—q) p,q € Q, (r,—) satisfy (r1)—~(r4)})
Lu(R) = FRM({(p,—) | p€Q, (r,—) satisfy (13)})
R) = FRM{{(—r)|reQ, (—,r) satisfy (r4)})

F(L) = Frm(£(R), S(L))

LSC(L) = {f € F(L) | F(Su(R)) C cL} L) =

'\

LSC(L) N USC(L)

USC(L) = {f € F(L) | A((R)) < cL}

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



J. Gutiérrez Garcia

«O)>» «F»r « >«
On extended real valued functions in pointfree topology

A2 N Ge



J. Gutiérrez Garcia

o 5 =
On extended real valued functions in pointfree topology

A2 N Ge



Background: Alternative description

Main results

J. Gutiérrez Garcia

=] =)
On extended real valued functions in pointfree topology



Background:

Alternative description

Main results

f € USC(L)
0

—f e LSC(L)
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Background:

Alternative description

f e USC(L)

T
—f e LSC(L)

f e USC(L)
—f € LSC(L)
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Background: Alternative description Main results

Background: generating frame homomorphisms by scales

Definition
A collection {c, : r € Q} C Lis called an extended scale on L if

¢V c; =1wheneverr < s.

An extended scale is called a scale if

\Vic:re@t=1=\/{c :req}.

Remark
An extended scale {c, : r € Q} in L is necessarily an antitone family.

Furthermore, if C consists of complemented elements, then C is an
extended scale if and only if it is antitone.
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Background: Alternative description Main results

Background: generating frame homomorphisms by scales

Lemma

LetC ={c, : r € Q} be an extended scale in L and let

flp,—)= Ve and f(—q)=Vc

r>p r<q

for all r € Q. Then the following hold:
(1) The above two formulas determine an f € C(L);
(2) IfC is a scale, then f € C(L).

Lemma

Letf, g € C(L) be generated by the extended scales {c, : r € Q} and
{d; : r € Q}, respectively. Then:

(D) f(r,=)<c- <f(=nr*forallreQ;
(2) f < gifandonlyifc, < ds wheneverr > s in Q.
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Alternative description

Alternative description of algebraic operations

(C(L),+, -, <) is a commutative f-ring with unit 1.

Algebraic operations

Let (p,q) ={reQ|p<r<q},letoec{+,,A,V} and let
(r,s)o(t,uy={xoy|xe(r,syandy e (t,u)}.

Given fy, f,, f € C(L) and r € Q, we define

(hoh)p,q) = V{A(r,s)Ak(tu)|(r,s)o(tu) C(p,q)},
(=Hp,q) = f(—q.-p),
B 1 ifre{p,q),
"p.q) = {O otherwise.
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Alternative description

Alternative description of algebraic operations

(C(L),+, -, <) is a commutative f-ring with unit 1.

1. Constant real functions

. if r <
For each r € Q take C; = {cj }peq C L with ¢, = {?’ :f ;;’;’
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Alternative description

Alternative description of algebraic operations

(C(L),+, -, <) is a commutative f-ring with unit 1.

1. Constant real functions
. 0, ifr<p
For each r € Q take C, = {c/, C L with ¢, = ’ -
0 r={Glpee © P {1, ifp<r.

Crisascalein L. r € C(L) is the constant real function generated.

,:{o, it r <p,

1, ifr<a,
r(p.—) =6 1, ifp<r

and r(_’Q):{O ifg<r
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Alternative description

Alternative description of algebraic operations

(C(L),+, -, <) is a commutative f-ring with unit 1.

1. Constant real functions

. if r <
For each r € Q take C; = {cj }peq C L with ¢, = {0’ nrspe

1, ifp<r.
Crisascalein L. r € C(L) is the constant real function generated.

0, ifr<p, 1, ifr<a,
r(p,—):c[,:{1 ifp<r and r(_’Q):{O ifg<r.

2. Opposite real function
For each f € C(L) take C; = {¢, "}peq C L with ¢, = f(—, —p).
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Alternative description

Alternative description of algebraic operations

(C(L),+, -, <) is a commutative f-ring with unit 1.

1. Constant real functions

. if r <
For each r € Q take C; = {cj }peq C L with ¢, = {0’ nrspe

1, ifp<r.
Crisascalein L. r € C(L) is the constant real function generated.

0, ifr<p, 1, ifr<a,
r(p,—):c[,:{1 ifp<r and r(_’Q):{O ifg<r.

2. Opposite real function

For each f € C(L) take C; = {¢, "}peq C L with ¢, = f(—, —p).

The opposite real function —f € C(L) generated is given by.
_f(pv_) = Cp_f = f(_7 _p) and _f(_? q) = f(_qa_)
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Alternative description

Alternative description of algebraic operations

3. Maximum

For each f,g € C(L) take C; = {cp’9} peq C L with

C,lf)vg = f(pa _) \ g(p7_)
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Alternative description

Alternative description of algebraic operations

3. Maximum

For each f,g € C(L) take C; = {cp’9} peq C L with

C,lf)vg = f(pa _) \ g(p7_)

The maximum real function f v g € C(L) generated is given by.

(fvg)(p,—) = f(p,—)vg(p,—) and (fvg)(— q) = f(— q)Ag(— Q).
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Alternative description

Alternative description of algebraic operations

3. Maximum
For each f,g € C(L) take C; = {cp’9} peq C L with

C,lf)vg = f(pa _) \ g(p7_)

The maximum real function f v g € C(L) generated is given by.

(fvg)(p,—) = f(p,—)vg(p,—) and (fvg)(— q) = f(— q)Ag(— Q).
4. Minimum

For each f,g € C(L) take

frng=—((=fv(=9)):
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Alternative description

Alternative description of algebraic operations

3. Maximum
For each f,g € C(L) take C; = {cp’9} peq C L with

C,lf)vg = f(pa _) \ g(p7_)

The maximum real function f v g € C(L) generated is given by.
(fvg)(p,—) = f(p.—)vg(p,—) and (fvg)(— q) = f(— q)Ag(- Q).
4. Minimum

For each f,g € C(L) take
frg=—((-f)v(-9))
The minimum real function f A g € C(L) is given by.
(frg)(p,—) = f(p,—)Ag(p,—) and  (fAg)(— q) = f(— q)Va(— Q).
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Alternative description

Alternative description of algebraic operations

5. Sum
For each f,g € C(L) take C; = {cy9} peq C L with

)9 = V f(r=)ng(p—r.).
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Alternative description

Alternative description of algebraic operations

5. Sum
For each f,g € C(L) take C; = {cy9} peq C L with

)9 = V f(r=)ng(p—r.).

The sum real function f + g € C(L) generated is given by.

(f+9)p.—) = l/@f(f—)Ag(P*fv—)

and
(f+9)(—q) = s\e/(@ f(—s)ng(—q—s).
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Alternative description

Alternative description of algebraic operations

6. Product
For each 0 < f,g € C(L) take C; = {c,%}peq C L with

Cf'g: \/r>0 f(r7_)/\g(€7_)7 'fPZOV )
P 1, if p<0;
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Alternative description

Alternative description of algebraic operations

6. Product
For each 0 < f,g € C(L) take C; = {c,%}peq C L with

Cf'g: \/r>0 f(r7_)/\g(€7_)7 'fPZOV )
P 1 if p<0;

)

The product real function f - g € C(L) generated is given by.

_ Vi f(r,—)/\g(%_), if p>0;
(f-g)(p,—)—{t 0 i p < 0

and
_ Ve f(—vS)AQ(—’%), if g > 0;
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Alternative description

Alternative description of algebraic operations

6. Product

For arbitrary f € C(L) we denote
ff=fvo and f =(-f)VvO.
From general properties of lattice-ordered rings we have

f=f"—1f".
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Alternative description

Alternative description of algebraic operations

6. Product

For arbitrary f € C(L) we denote
ff=fvo and f =(-f)VvO.
From general properties of lattice-ordered rings we have
f=Ff—f".
Hence given f, g € C(L) we have

fog=(f-g")+(f-g)—(fT-g)-(f-g")
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma

LetC ={S;: r € Q} be an extended scale in S(L) and let

flp,.=)=V S and f(—q)=V S (p,geQ).

r>p r<q
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma
LetC ={S;: r € Q} be an extended scale in S(L) and let
flp, =)=V S and f(—q)=V S~ (p,geQ).
r>p r<q
(1) feF(L).
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma
LetC ={S;: r € Q} be an extended scale in S(L) and let

flp,.=)=V S and f(—q)=V S (p,geQ).

r>p r<q
(1) f € F(L). IfC is a scale, then f € F(L).
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma
LetC ={S;: r € Q} be an extended scale in S(L) and let

flp,.=)=V S and f(—q)=V S (p,geQ).

r>p r<q
(1) f € F(L). IfC is a scale, then f € F(L).

(2) If S, is a closed sublocale for each r € Q then f € LSC(L).
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Background Alternative description Main results

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma
LetC ={S;: r € Q} be an extended scale in S(L) and let

flp,.=)=V S and f(—q)=V S (p,geQ).

r>p r<q
(1) f € F(L). IfC is a scale, then f € F(L).

(2) If S, is a closed sublocale for each r € Q then f € LSC(L).
(3) If Sy is an open sublocale for each r € Q then f € USC(L).
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Alternative description

Scales in S(L)

A collection of sublocales {S;, : r € Q} C S(L) is called an extended
scale on S(L) if Sy v S = 1 whenever r < s.
An extended scale is called a scale if

V{S:reQ=1=\/{S:req}
Lemma
LetC ={S;: r € Q} be an extended scale in S(L) and let

flp,.=)=V S and f(—q)=V S (p,geQ).

r>p r<q
(1) f € F(L). IfC is a scale, then f € F(L).

(2) If S, is a closed sublocale for each r € Q then f € LSC(L).
(3) If Sy is an open sublocale for each r € Q then f € USC(L).
(4) If S, is a clopen sublocale for each r € Q then f € C(L).

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Main results

Algebraic operations on LSC(L)

Let f, g € LSC(L). What can be said about fv g, fAg, f+gandf-g?
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Main results

Algebraic operations on LSC(L)

Let f, g € LSC(L). What can be said about fv g, fAg, f+gandf-g?
We have that f(p,—), g(p,—) € cL for each p.
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Main results

Algebraic operations on LSC(L)

Let f, g € LSC(L). What can be said about fv g, fAg, f+gandf-g?
We have that f(p,—), g(p,—) € cL for each p.

e fV g e F(L)is generated by the scale

Sp'% = f(p,—) v g(p,—).

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Main results

Algebraic operations on LSC(L)

Let f, g € LSC(L). What can be said about fv g, fAg, f+gandf-g?
We have that f(p,—), g(p,—) € cL for each p.

e fV g e F(L)is generated by the scale
Sh9 = f(p.—) v g(p.,~).

Since S,’9 € cL for each p, it follows that v g € LSC(L).
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Main results
Algebraic operations on LSC(L)
Let f, g € LSC(L). What can be said about fv g, fAg, f+gandf-g?
We have that f(p,—), g(p,—) € cL for each p.
e fV g e F(L)is generated by the scale
859 = H(p,~) v 9(p,~)-
Since S,’9 € cL for each p, it follows that v g € LSC(L).
e fAg e F(L)is generated by the scale
S50 = f(p.—) A g(p,—).

Since S;9 € cL for each p, it follows that f A g € LSC(L).
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Main results

Algebraic operations on LSC(L)

e f+ g e F(L) is generated by the scale

Syt =\ f(r,=)Anglp—r,—).
reQ
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Main results

Algebraic operations on LSC(L)

e f+ g e F(L) is generated by the scale

Syt =\ f(r,=)Anglp—r,—).
reQ

Since S,'9 € cL for each p, it follows that f + g € LSC(L).
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Algebraic operations on LSC(L)

e f+ g e F(L) is generated by the scale
5=V Hr.—)rglp—r.-).
reQ
Since S,'9 € cL for each p, it follows that f + g € LSC(L).

e If0 < f,geF(L)then f-g e F(L) is generated by the scale

g9 _ I Visof(n=)Ag(f—), ifp=0;
P 1, if p<0;
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Algebraic operations on LSC(L)

e f+ g e F(L) is generated by the scale
5=V Hr.—)rglp—r.-).
reQ
Since S,'9 € cL for each p, it follows that f + g € LSC(L).

e If0 < f,geF(L)then f-g e F(L) is generated by the scale

g9 _ I Visof(n=)Ag(f—), ifp=0;
P 1, if p<0;

Since S,Qg € cL for each p, it follows that f - g € LSC(L).
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Main results

Algebraic operations on LSC(L)

e If0 > f,g € F(L) then we have
f-g=("g")+(f"g")-(F-g7)-(fg") =g =(-1)(-9)
and since —f, —g € USC(L) we conclude that f - g € USC(L).
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Background Alternative description Main results

Algebraic operations on LSC(L)

e If0 > f,g € F(L) then we have
f-g=("g")+(f"g")-(F-g7)-(fg") =g =(-1)(-9)
and since —f, —g € USC(L) we conclude that f - g € USC(L).

Proposition
Let f,g € F(L), then

(1) Iff,ge LSC(L)thenfv g,fAg,f+ g e LSC(L),
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Background Alternative description Main results

Algebraic operations on LSC(L)

e If0 > f,g € F(L) then we have
f-g=("g")+(f"g")-(F-g7)-(fg") =g =(-1)(-9)
and since —f, —g € USC(L) we conclude that f - g € USC(L).

Proposition
Let f,g € F(L), then

(1) Iff,ge LSC(L)thenfv g,fAg,f+ g e LSC(L),
(2) If0 < f,g € LSC(L) then f- g € LSC(L),
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Background Alternative description Main results

Algebraic operations on LSC(L)

e If0 > f,g € F(L) then we have
f-g=("g")+(f"g")-(F-g7)-(fg") =g =(-1)(-9)
and since —f, —g € USC(L) we conclude that f - g € USC(L).

Proposition
Let f,g € F(L), then

(1) Iff,ge LSC(L)thenfv g,fAg,f+ g e LSC(L),
(2) If0 < f,g € LSC(L) then f- g € LSC(L),
(3) If0>f,g € LSC(L) then f- g € USC(L).
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Main results

Algebraic operations in F(L)

1. Constant real functions

Apart from the constant real functions r € F(L), we have in F(L) the
constant extended real functions +o0co and —oo generated by the

extended scales

Cio ={1:1r€Q} and C_o={0:reQ}.
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Main results
Algebraic operations in F(L)

1. Constant real functions

Apart from the constant real functions r € F(L), we have in F(L) the
constant extended real functions +o0co and —oo generated by the
extended scales

Cio ={1:1r€Q} and C_o={0:reQ}.

The constant extended real functions +oo and —oo are precisely the
top and bottom elements in the partially ordered set (F(L), <).
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Main results

Algebraic operations in F(L)

1. Constant real functions

Apart from the constant real functions r € F(L), we have in F(L) the
constant extended real functions +o0co and —oo generated by the
extended scales

Cio ={1:1r€Q} and C_o={0:reQ}.

The constant extended real functions +oo and —oo are precisely the
top and bottom elements in the partially ordered set (F(L), <).

2. Opposite real function
For each f € F(L) take Cr = {S;"}peq C S(L) with S = f(—, —p).
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Main results

Algebraic operations in F(L)

1. Constant real functions

Apart from the constant real functions r € F(L), we have in F(L) the
constant extended real functions +o0co and —oo generated by the
extended scales

Cio ={1:1r€Q} and C_o={0:reQ}.

The constant extended real functions +oo and —oo are precisely the
top and bottom elements in the partially ordered set (F(L), <).

2. Opposite real function
For each f € F(L) take Cr = {S;"}peq C S(L) with S = f(—, —p).

The opposite real function —f € F(L) generated is given by.

—f(p,—) =S =f(——-p) and —f(—q)=1(-q.—)

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Main results

Algebraic operations in F(L)

3. Maximum

For each f, g € F(L) take C; = {S,"%}peq C L with

SL\/Q = f(pa _) v g(p7 _)
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Main results

Algebraic operations in F(L)

3. Maximum

For each f, g € F(L) take C; = {S,"%}peq C L with

SL\/Q = f(pa _) v g(p7 _)

The maximum real function f v g € F(L) generated is given by.

(fvg)(p,—) = f(p,—)vg(p,—) and (fvg)(— q) = f(— q)Ag(— Q).

J. Gutiérrez Garcia On extended real valued functions in pointfree topology



Main results
Algebraic operations in F(L)

3. Maximum
For each f, g € F(L) take C; = {S,"%}peq C L with

Sp'9 = f(p,—) v g(p.—).
The maximum real function f v g € F(L) generated is given by.

(fvg)(p,—) = f(p,—)vg(p,—) and (fvg)(— q) = f(— q)Ag(— Q).
4. Minimum

For each f, g € F(L) take

frng=—((=fv(=9)):
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Main results
Algebraic operations in F(L)

3. Maximum

For each f, g € F(L) take C; = {S,"%}peq C L with
SL\/Q = f(pa _) v g(p7 _)
The maximum real function f v g € F(L) generated is given by.

(fvg)(p,—) = f(p,—)vg(p,—) and (fvg)(— q) = f(— q)Ag(— Q).
4. Minimum

For each f, g € F(L) take

frng=—((=fv(=9)):

The minimum real function f A g € F(L) is given by.

(fAg9)(p,—) = f(p,—)Ag(p,—) and  (fAg)(— q) = f(— q)vg(— q)-
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Things become more complicated in the other two cases left: the sum
and the product.
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Algebraic operations in F(L)

Things become more complicated in the other two cases left: the sum
and the product.

This is quite natural if we think in the typical indeterminations

—00 4 00 and 0 - oco.
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Things become more complicated in the other two cases left: the sum
and the product.

This is quite natural if we think in the typical indeterminations

—00 4 00 and 0 - oco.

5. Sum
Let f € F(L). We shall denote

Rf =\ f(—r, R =VHr,—) ad R =R AR .
reQ reQ
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Algebraic operations in F(L)

Things become more complicated in the other two cases left: the sum
and the product.

This is quite natural if we think in the typical indeterminations

—00 4 00 and 0 - oco.

5. Sum
Let f € F(L). We shall denote

Rf =\ f(—r, R =VHr,—) ad R =R AR .
reQ reQ

Give, f, g € F(L), we say that f and g are sum compatible in case

e (RFVRy)AN(Ry VR )=1.
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Main results
Algebraic operations in F(L)

Things become more complicated in the other two cases left: the sum
and the product.

This is quite natural if we think in the typical indeterminations

—00 4 00 and 0 - oco.

5. Sum
Let f € F(L). We shall denote

Rf =\ f(—r, R =VHr,—) ad R =R AR .
reQ reQ

Give, f, g € F(L), we say that f and g are sum compatible in case
e all R, R, R} and R, are complemented.

e (RFVRy)AN(Ry VR )=1.
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5. Sum
Let f, g € F(L) be sum compatible. Take C, = {S,Q*g}pe@ C L with

SHH9 =\ f(r,—) Ag(p—r,-).
reQ
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5. Sum
Let f, g € F(L) be sum compatible. Take C, = {S,',*g}pe@ C L with

SHH9 =\ f(r,—) Ag(p—r,-).
reQ

Then the family
{59 :peqcs(L)

is an extended scale.
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5. Sum
Let f, g € F(L) be sum compatible. Take C, = {S,',*g}pe@ C L with

Spte = v fr.=)Aglp—r.2).
Then the family

(ST peQ} CS(L)

is an extended scale.
The sum real function f + g € F(L) generated is given by.

(f+9)p.—) = rygf(f—)Ag(P—f»—)

and

(f+9)(—q) = Sy@ f(—s)ng(—q—s).
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Background Alternative description Main results

Algebraic operations in F(L)

Proposition
Let f, g € F(L) be sum compatible. Then:
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Background Alternative description Main results

Algebraic operations in F(L)

Proposition
Let f, g € F(L) be sum compatible. Then:

(1) f+ g € F(L).
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Background Alternative description Main results

Algebraic operations in F(L)

Proposition
Let f, g € F(L) be sum compatible. Then:

(1) f+ g € F(L).
(2) If f,g € LSC(L) then f + g € LSC(L).
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Background Alternative description Main results

Algebraic operations in F(L)

Proposition
Let f, g € F(L) be sum compatible. Then:

(1) f+ g € F(L).
(2) If f,g € LSC(L) then f + g € LSC(L).
(3) If f,g € USC(L) then f + g € USC(L).
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Background Alternative description Main results

Algebraic operations in F(L)

Proposition
Let f, g € F(L) be sum compatible. Then:

(1) f+ g € F(L).

(2) If f,g € LSC(L) then f + g € LSC(L).
(3) If f,g € USC(L) then f + g € USC(L).
(4) If f,g € C(L) then f + g € C(L).
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Algebraic operations in F(L)

6. Product
Let f € F(L). We shall denote

coz (f) = f((—,0) v (0,-)).
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Algebraic operations in F(L)

6. Product
Let f € F(L). We shall denote

coz () = £((—, 0) V (0,—)).

Let f,g € F(L). We say that f and g are product compatible in case

e (cozfV Rg) A(cozgV Rr) = 1.
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Algebraic operations in F(L)

6. Product
Let f € F(L). We shall denote

coz (f) = f((—,0) v (0,-)).

Let f,g € F(L). We say that f and g are product compatible in case
e all cozf, R, cozg and R, are complemented.
e (cozfV Rg) A(cozgV Rr) = 1.
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Background Alternative descriptiol Main results

Algebraic operations in F(L)
6. Product
Let f € F(L). We shall denote
coz (f) = f((—,0) v (0,-)).

Let f,g € F(L). We say that f and g are product compatible in case
e all cozf, R, cozg and Ry are complemented.
e (cozfV Rg) A(cozgV Rr) = 1.

Let f, g € F(L) be product compatible.
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