


 

 

 

 

 

 

 

 

 

 

 

 





𝑚 𝑞
𝜔0

𝑩 = 𝑩0si n(𝜔𝑡)

𝑚

 

 𝑩

 𝒑 → 𝒑 − 𝑞𝑨
 𝑨 =

1

2
𝑩 × 𝑹

{|𝑛𝑥 , 𝑛𝑦 , 𝑛𝑧⟩}

|𝑛𝑥 = 0, 𝑛𝑦 = 0, 𝑛𝑧 = 0⟩ = |𝑘 = 0, 𝑙 = 0,𝑚 = 0⟩

|𝑛𝑥 = 0, 𝑛𝑦 = 0, 𝑛𝑧 = 1⟩ = |𝑘 = 0, 𝑙 = 1,𝑚 = 0⟩

|𝑛𝑥 = 1, 𝑛𝑦 = 0, 𝑛𝑧 = 0⟩ =
1

√2
[|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩ − |𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩]

|𝑛𝑥 = 0, 𝑛𝑦 = 1, 𝑛𝑧 = 0⟩ =
𝑖

√2
[|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩ + |𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩]

|𝑛𝑥 = 1, 𝑛𝑦 = 1, 𝑛𝑧 = 0⟩ =
−𝑖

√2
[|𝑘 = 0, 𝑙 = 2,𝑚 = 2⟩ + |𝑘 = 0, 𝑙 = 2,𝑚 = −2⟩]

|𝑛𝑥 = 1, 𝑛𝑦 = 0, 𝑛𝑧 = 1⟩ =
−1

√2
[|𝑘 = 0, 𝑙 = 2,𝑚 = 1⟩ − |𝑘 = 0, 𝑙 = 2,𝑚 = −1⟩]

|𝑛𝑥 = 0, 𝑛𝑦 = 1, 𝑛𝑧 = 1⟩ =
𝑖

√2
[|𝑘 = 0, 𝑙 = 2,𝑚 = 1⟩ + |𝑘 = 0, 𝑙 = 2,𝑚 = −1⟩]

|𝑛𝑥 = 2, 𝑛𝑦 = 0, 𝑛𝑧 = 0⟩ = −
1

√3
|𝑘 = 2, 𝑙 = 0,𝑚 = 0⟩ − 

1

√6
|𝑘 = 0, 𝑙 = 2,𝑚 = 0⟩

   + 
1

2
|𝑘 = 0, 𝑙 = 2,𝑚 = 2⟩ + 

1

2
|𝑘 = 0, 𝑙 = 2,𝑚 = −2⟩

|𝑛𝑥 = 0, 𝑛𝑦 = 2, 𝑛𝑧 = 0⟩ = −
1

√3
|𝑘 = 2, 𝑙 = 0,𝑚 = 0⟩ − 

1

√6
|𝑘 = 0, 𝑙 = 2,𝑚 = 0⟩

   − 
1

2
|𝑘 = 0, 𝑙 = 2,𝑚 = 2⟩ − 

1

2
|𝑘 = 0, 𝑙 = 2,𝑚 = −2⟩

|𝑛𝑥 = 0, 𝑛𝑦 = 0, 𝑛𝑧 = 2⟩ = −
2

√3
|𝑘 = 2, 𝑙 = 0,𝑚 = 0⟩ + √

2

3
|𝑘 = 2, 𝑙 = 2,𝑚 = 0⟩

 

  

  



𝐻̂ =
1

2𝑚
[𝑃̂ − 𝑞𝐴]

2
+ 𝑉(𝑅̂) + 𝑞ϕ

∇. 𝐴(𝑟, 𝑡) = 0

𝐻̂ =
𝑃2̂

2𝑚
+ 𝑉(𝑅̂) −

𝑞

𝑚
𝑃̂. 𝐴 +

𝑞2

2𝑚
𝐴2

𝐴 =
1

2
𝐵 × 𝑅

𝐵(𝑡) = 𝐵0 sin(ω𝑡) 𝑒𝑧̂

𝐻̂ = 𝐻̂0 −
𝑞

2𝑚
𝐵0 (𝜔𝑡)𝐿̂𝑧 +

𝑞2𝐵0
2

8𝑚
2(𝜔𝑡)(𝑋̂2 + 𝑌̂2).

𝑙 = 0

𝑞

2𝑚
𝐵0 (𝜔𝑡)𝐿̂𝑧

𝑋̂ = 𝐶(𝑎̂𝑥
† + 𝑎̂𝑥)  𝑌̂ = 𝐶(𝑎̂𝑦

† + 𝑎̂𝑦)

𝐶

⟨000|𝑎̂𝑥
†𝑎̂𝑥

† + 𝑎̂𝑥
†𝑎̂𝑥 + 𝑎̂𝑥𝑎̂𝑥

† + 𝑎̂𝑥𝑎̂𝑥 + 𝑎̂𝑦
†𝑎̂𝑦

† + 𝑎̂𝑦
†𝑎̂𝑦 + 𝑎̂𝑦𝑎̂𝑦

† + 𝑎̂𝑦𝑎̂𝑦)|𝑛𝑥𝑛𝑦𝑛𝑧⟩

(000) ↔ (200)  (000) ↔ (020)

|𝑖⟩
|𝑓⟩

𝐴𝑖𝑓
(1)

=
−𝑖

ℏ
∫ 𝑑

∞

0

𝑡′𝑉𝑓𝑖(𝑡
′)𝑒𝑖𝜔𝑓𝑖𝑡

′



𝑉𝑓𝑖(𝑡
′) = ⟨𝑓|𝑉̂(𝑡′)|𝑖⟩

𝜔𝑓𝑖 =
𝐸𝑓 − 𝐸𝑖

ℏ

(000) → (200)

𝑋̂2 =
ℏ

2𝑚𝜔0
(𝑎̂𝑥

† + 𝑎̂𝑥)(𝑎̂𝑥
† + 𝑎̂𝑥);  𝑌̂2 =

ℏ

2𝑚𝜔0
(𝑎̂𝑦

† + 𝑎̂𝑦)(𝑎̂𝑦
† + 𝑎̂𝑦)

𝑉𝑓𝑖(𝑡
′) = ⟨000 |

𝑞2𝐵0
2

8𝑚
2(𝜔𝑡′)(𝑋̂2 + 𝑌̂2)| 200⟩

=
𝑞2𝐵0

2

8𝑚
2(𝜔𝑡′)

ℏ

√2𝑚𝜔0

=
𝑞2𝐵0

2ℏ

8√2𝑚2𝜔0

2(𝜔𝑡′)

𝐴𝑖𝑓
(1)(𝑡) =

−𝑖

ℏ

𝑞2𝐵0
2ℏ

8√2𝑚2𝜔0

𝑒−𝐸𝑖𝑡/ℏ  ∫ 𝑑
𝑡

0

𝑡′𝑠𝑖𝑛2(𝜔𝑡)𝑒𝑖𝜔𝑓𝑖𝑡
′

𝐴𝑖𝑓
(1)

=
−𝑖

ℏ

𝑞2𝐵0
2ℏ

8√2𝑚2𝜔0

1

2
𝑒−𝐸𝑖𝑡/ℏ  ∫ 𝑑

𝑡

0

𝑡′(1 − (2𝜔𝑡′))𝑒𝑖𝜔𝑓𝑖𝑡
′

=
−𝑖

ℏ

𝑞2𝐵0
2ℏ

8√2𝑚2𝜔0

(
1

2
) 𝑒−𝐸𝑖𝑡/ℏ  ∫ 𝑑

𝑡

0

𝑡′[𝑒𝑖𝜔𝑓𝑖𝑡
′
− 𝑒𝑖(𝜔𝑓𝑖+2𝜔)𝑡′

− 𝑒𝑖(𝜔𝑓𝑖−2𝜔)𝑡′
]

=
𝑞2𝐵0

2ℏ

16√2𝑚2𝜔0

𝑒−𝐸𝑖𝑡/ℏ {𝑒𝑖𝜔𝑓𝑖𝑡 [
−𝑖

𝜔𝑖𝑓
+

𝑖𝑒2𝑖𝜔𝑡

𝜔𝑓𝑖 + 2𝜔
+

𝑖𝑒−2𝑖𝜔𝑡

𝜔𝑓𝑖 − 2𝜔
] − 𝑖

𝜔𝑖𝑓
2 + 4𝜔2

𝜔𝑖𝑓(𝜔𝑖𝑓
2 + 4𝜔2)

}

𝑃𝑖𝑓 = |𝐴𝑖𝑓
(1)

|
2

𝜔

𝐸𝑛 = (𝑛 +
3

2
)ℏ𝜔

𝑠 = 1/2



𝑔𝑛 = (𝑛 + 1)(𝑛 + 2)

𝑛 = 1 2 × 3/2(ℏ𝜔)

𝑛 = 2 6 × 5/2(ℏ𝜔)

𝑛 = 2 12 × 7/2(ℏ𝜔)

60ℏ𝜔

𝐿 = 𝑆 = 𝐽 = 0

|𝑆 = 0,𝑀𝑠 = 0⟩ 𝑖 𝑗

[|𝑆 = 0,𝑀𝑆 = 0⟩𝑖𝑗 =
1

√2
| ↑

𝑖
↓
𝑗
⟩ − |↑

𝑗
↓
𝑖
⟩

{|𝑘, 𝑙,𝑚⟩}

•

|𝜓0⟩ = [
1

√2
(|𝑘 = 0, 𝑙 = 0,𝑚 = 0⟩1 +|𝑘 = 0, 𝑙 = 0,𝑚 = 0⟩2)]| 𝑆 = 0,𝑀𝑆 = 0⟩12

•

|𝜓11⟩ =
1

2
[(|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩3 −|𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩3)|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩4 −|𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩4)]

  |𝑆 = 0,𝑀𝑆 = 0⟩34

|𝜓12⟩ =
−1

2
[(|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩5 +|𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩5)(|𝑘 = 0, 𝑙 = 1,𝑚 = −1⟩6 +|𝑘 = 0, 𝑙 = 1,𝑚 = 1⟩6)]

  |𝑆 = 0,𝑀𝑆 = 0⟩|𝑆 = 0,𝑀𝑆 = 0⟩56

|𝜓13⟩ =
1

√2
(|𝑘 = 0, 𝑙 = 1,𝑚 = 0⟩7 +|𝑘 = 0, 𝑙 = 1,𝑚 = 0⟩8)| 𝑆 = 0,𝑀𝑆 = 0⟩78



𝐻̂ = ∑[
𝑃𝑖

2̂

2𝑚
+

1

2
𝑚ω2𝑅𝑖

2̂ − ∑𝜇𝒔𝒊̂
. 𝑩

20

𝑖

− ∑
𝑞

2𝑚
𝑳𝒊̂. 𝑩

20

𝑖

+
𝑞

2𝑚
𝐴2]

8

𝑖=1

μ𝑠̂. 𝐵

∑μ𝑠𝑖̂
𝐵

20

𝑖

= γ(𝑆1𝑧̂ + 𝑆2𝑧̂ + ⋯)𝐵

⟨ψ… ∑ μ𝑠𝑖.̂ 𝐵20
𝑖 |ψ…⟩ = 0

∑
𝑞

2𝑚
𝑳𝑖̂. 𝑩 =

𝑞

2𝑚
(𝑳1𝑧̂ + 𝑳2𝑧̂ + ⋯)𝐵

20

𝑖

⟨ψ…
𝑞

2𝑚(𝐿1𝑧̂ + 𝐿2𝑧̂ + ⋯)𝐵|ψ…⟩ = 0

𝐵2

𝐸 = 87ℏω + 
𝑞2

8𝑚
∑(𝐵̂ × 𝑅𝑖̂)

2
20

𝑖

𝑀

𝑀 = −
𝑑𝐸

𝑑𝐵
= 𝜒𝐵

 





∇

𝑖
→

∇

𝑖
−

𝑞

ℏ
𝐀(𝐫)    (1)

𝐀 𝐁 = ∇ × 𝐀.
𝐁

𝜖𝑛 = (𝑛 +
1

2
)ℏ𝜔𝑐 ,  𝜔𝑐 =

𝑒𝐵

𝑚
     (2)

𝜔𝑐

𝐵𝐴/𝜙0 𝐴 𝜙0 = ℎ/𝑒

|𝜙𝑖⟩

▪ |𝜙𝑖⟩𝜖𝑖⟨𝜙𝑖|;

▪ |𝜙𝑖⟩𝑡𝑖𝑗⟨𝜙𝑗|;

|𝜓⟩ = ∑ 𝑐𝑖

𝑖

|𝜙𝑖⟩    (3)

𝑡𝑖𝑗 → 𝑒𝑖𝜙𝑖𝑗𝑡𝑖𝑗     (4)

 

𝐵𝑎2 = 𝜙



t
𝐵𝑎2 = 𝜙

𝐑𝑚.𝑛 : = 𝑎(𝑚𝐞̂𝑥 + 𝑛𝐞̂𝑦)

−𝑡 𝑡 > 0) 0 ≤ 𝑚 ≤ 𝑁𝐿 − 1 0 ≤ 𝑛 ≤ 𝑁𝑊 − 1 𝑁𝑊𝑁𝐿

 

𝑥 ⟨𝜓𝑚,𝑛|ℋ|𝜓𝑚±1,𝑛⟩.

𝑦 𝑥
𝑘𝑥

𝑉𝑛(𝑘𝑥)

𝑉𝑛(𝑘𝑥)

 𝐵𝑎2

𝑎 ∼ 1 𝐵 𝐵𝑎2 = 𝜙0

𝑉𝑛(𝑘) 𝐵
𝑎

𝑛
𝑦 𝑦𝑛 = 𝑛𝑎

𝑘𝑥

𝑦 𝑉(𝑦, 𝑘𝑥

 

▪ 

𝜖𝑟 = −4𝑡 + (𝑟 +
1

2
) ℏ𝜔,  𝑟 = 0,1,2… (5)

▪ 𝑀𝑎 𝑁𝑊𝑎

𝑝 = 𝑁𝑊𝑁𝐿/𝑀; 

▪ 𝑟 ≪ 𝑀



 

 

|𝜓⟩ = ∑ 𝑎𝑚,𝑛

𝐑𝑚,𝑛

|𝜙𝑚,𝑛
𝐴 ⟩ + 𝑏𝑚,𝑛|𝜙𝑚,𝑛

𝐵 ⟩

𝐑𝑚,𝑛 = 𝑚𝐚1 + 𝑛𝐚2 |𝜙𝑚,𝑛
𝐴 ⟩ |𝜙𝑚,𝑛

𝐵 ⟩

𝐑𝑚,𝑛

−𝑡 𝑡 ≈ 3 

𝑛

 

𝑡𝑛(𝑘1)

 

𝐴𝐵

𝜖𝑎̃𝑛(𝑘1) = −𝑡 [2cos (
𝑘1𝑎

2
− 𝑛𝜋

𝜑

𝜙0
) 𝑏̃𝑛(𝑘1) − 𝑏̃𝑛−1(𝑘1)]

𝜖𝑏̃𝑛(𝑘1) = −𝑡 [2cos (
𝑘1𝑎

2
− 𝑛𝜋

𝜑

𝜙0
) 𝑎̃𝑛(𝑘1) − 𝑎̃𝑛+1(𝑘1)]

  



 |𝜖| ≪ 𝑡
𝑛

2 (
𝑘1𝑎

2
− 𝑛𝜋

𝜑

𝜙0
) = 1.

𝑛

[
0 𝐴̂†(∂𝑦, 𝑦)

𝐴̂(∂𝑦, 𝑦) 0
] [

𝜓𝑎(𝑦)

𝜓𝑏(𝑦)
] = 𝜖 [

𝜓𝑎(𝑦)

𝜓𝑏(𝑦)
]

[𝐴̂(∂𝑦, 𝑦), 𝐴̂†(∂𝑦, 𝑦)]

[𝑎, 𝑎†] = 1

 



𝑎 𝑁𝑊𝑎 𝑥
𝑁𝐿𝑎 𝑦

𝐑𝑚.𝑛 : = 𝑎(𝑚𝐞̂𝑥 + 𝑛𝐞̂𝑦)

𝑚 = ,0,… , 𝑁𝐿 − 1𝑛 = 0,𝑁𝑊 − 1 𝑐𝑚,𝑛 𝐑𝑚.𝑛.

𝜖𝑚,𝑛 = 0; −𝑡

𝜖𝑐𝑚,𝑛 = −𝑡[𝑐𝑚+1,𝑛 + 𝑐𝑚−1,𝑛 + 𝑐𝑚,𝑛+1 + 𝑐𝑚,𝑛−1]

𝜖𝑐𝑚,𝑛 = −𝑡[𝑒−𝑖2𝜋𝑛𝜑/𝜙0𝑐𝑚+1,𝑛 + 𝑒𝑖2𝜋𝑛𝜑/𝜙0𝑐𝑚−1,𝑛 + 𝑐𝑚,𝑛+1 + 𝑐𝑚,𝑛−1]

∏ 𝑡𝑖𝑗
<𝑖𝑗>

= 𝑡4 [𝑖2𝜋𝑛
𝜑

𝜙0
− 𝑖2𝜋(𝑛 + 1)

𝜑

𝜙0
] 𝑡4

= 𝑡4 [−𝑖2𝜋
𝜑

𝜙0
]

𝑂𝑧 𝐵𝑎2 = 𝜑.

𝑂𝑥

𝑐𝑚,𝑛 = 𝑐𝑛(𝑘)𝑖𝑘𝑚𝑎

𝜖𝑐𝑛(𝑘) = −𝑡[𝑐𝑛+1(𝑘) + 𝑐𝑛−1(𝑘) + (𝑒𝑖(𝑘𝑎−2𝜋𝑛𝜑/𝜙0) + 𝑒−𝑖(𝑘𝑎−2𝜋𝑛𝜑/𝜙0))𝑐𝑛(𝑘)]

= −𝑡[𝑐𝑛+1(𝑘) + 𝑐𝑛−1(𝑘) + 2 (𝑘𝑎 − 2𝜋𝑛𝜑/𝜙0)𝑐𝑛(𝑘)]

𝜖 𝑐𝑛(𝑘) = 𝑉𝑛(𝑘)𝑐𝑛(𝑘) − 𝑡(𝑐𝑛+1(𝑘) + 𝑐𝑛−1(𝑘))

𝑘 𝑉𝑛(𝑘) =
−2𝑡 (𝑘𝑎 + 2𝜋𝑛𝜑/𝜙0)

𝑉𝑛(𝑘)

2𝜋𝑁𝜑/𝜙0 = 2𝜋

𝑁 =
𝜙0

𝜑

𝜑 ≪ 𝜙0



𝐵𝑎2 ≪
ℎ

𝑒
= 4.2 × 10−15 𝖳 𝗆2

𝑎 ∼ 10−10, 𝐵 ≪ 4 × 105 𝖳
≫

𝑐𝑛(𝑘) = 𝜓(𝑦, 𝑘)

𝜓(𝑦, 𝑘) 𝑥

𝑐𝑛±1(𝑘) = 𝜓(𝑦𝑛, 𝑘) ± 𝑎∂𝑦𝜓(𝑦, 𝑘)|
𝑦=𝑦𝑛

+
𝑎2

2
∂𝑦

2𝜓(𝑦, 𝑘)|
𝑦=𝑦𝑛

𝑐𝑛+1(𝑘) + 𝑐𝑛−1(𝑘) = 2𝜓(𝑦𝑛, 𝑘) + 𝑎2∂𝑦
2𝜓(𝑦, 𝑘)|

𝑦=𝑦𝑛

𝜖𝜓(𝑦, 𝑘) = 𝑉(𝑦, 𝑘) − 2𝑡𝜓(𝑦, 𝑘) − 𝑡𝑎2 ∂𝑦
2𝜓(𝑦, 𝑘)

−𝑡𝑎2 ∂𝑦
2𝜓(𝑦, 𝑘) − 2𝑡 [1 + (𝑘𝑎 − 2𝜋

𝑦

𝑎

𝜑

𝜙0
)]𝜓(𝑦, 𝑘) = 𝜖𝜓(𝑦, 𝑘)

𝑁 > 𝑁𝑤

𝑛 =
𝑘𝑎

2𝜋

𝜙0

𝜑
=

𝑘𝑎

2𝜋
𝑁

0 < 𝑘 <
2𝜋

𝑎

𝑁𝑊

𝑁

𝑘𝑎 − 2𝜋
𝑦

𝑎

𝜑

𝜙0
= 0

𝑦(𝑘) = 𝑘𝑎2
𝜙0

2𝜑

1 + (𝑘 − 2𝜋
𝑦

𝑎

𝜑

𝜙0
− 2𝜋

𝑦 − 𝑦

𝑎

𝜑

𝜙0
) ≈ 2 −

1

2
4𝜋2 (

𝜑

𝜙0
)
2 (𝑦 − 𝑦)2

𝑎2

[−𝑡𝑎2 ∂𝑦
2 − 4𝑡 + 𝑡

4𝜋2

𝑎2
(

𝜑

𝜙0
)
2

(𝑦 − 𝑦(𝑘))2]𝜓(𝑦, 𝑘) = 𝜖𝜓(𝑦, 𝑘)

ℏ2/2𝑚∗ = 𝑡𝑎2

1

2
𝑚∗𝜔2 = 4𝜋2

𝑡

𝑎2
(

𝜑

𝜙0
)
2

𝜔2 = 8𝜋2
𝑡

𝑚∗𝑎2
(

𝜑

𝜙0
)
2

=
16𝜋2

ℏ2
𝑡2 (

𝜑

𝜙0
)
2

ℏ𝜔 = 4𝜋𝑡 (
𝜑

𝜙0
) = 4𝜋𝑡𝑎2

𝐵

𝜙0
=

2𝜋ℏ2𝑒𝐵

𝑚∗ℎ
= ℏ

𝑒𝐵

𝑚∗



ℓ𝜔
2 =

ℏ

𝑚∗𝜔
= (

2𝑡𝑎2

ℏ
)(

ℏ

4𝜋𝑡

𝜙0

𝜑
) =

1

2𝜋
𝑎2

𝜙0

𝜑

2𝜋
ℓ𝜔

2

𝑎2
(

𝜑

𝜙0
)
2

≪ 1

𝜑

𝜙0
≪ 1.

𝑡

𝑟ℏ𝜔 ≪ 𝑡

𝑟 ≪
𝜙0

𝜑
≪ 𝑁

−4𝑡 + (𝑛 +
1

2
)ℏ𝜔

𝑘

2𝜋/𝑎

2𝜋/𝑁𝑙𝑎

𝑁𝑤

𝑁
=

𝑁𝑤𝑁𝐿

𝑁

𝜖𝑎𝑚,𝑛 = −𝑡(𝑏𝑚,𝑛 + 𝑏𝑚,𝑛−1 + 𝑏𝑚−1𝑛)

𝜖𝑏𝑚,𝑛 = −𝑡(𝑎𝑚,𝑛 + 𝑎𝑚,𝑛+1 + 𝑎𝑚+1,𝑛)

𝑛

𝜖𝑎𝑚,𝑛 = −𝑡(𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜𝑏𝑚,𝑛 + 𝑏𝑚,𝑛−1 + 𝑒𝑖𝜋𝑛𝜑/𝜙𝑜𝑏𝑚−1𝑛)

𝜖𝑏𝑚,𝑛 = −𝑡(𝑒𝑖𝜋𝑛𝜑/𝜙𝑜𝑎𝑚,𝑛 + 𝑎𝑚,𝑛+1 + 𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜𝑎𝑚+1,𝑛)

𝜑 =
√3

2
𝐵𝑎2

𝐚1



𝑎𝑚,𝑛 = 𝑎𝑛(𝑘)𝑒𝑖𝑘𝑚𝑎

𝑏𝑚,𝑛 = 𝑏𝑛(𝑘)𝑒𝑖𝑘𝑚𝑎

𝜖𝑎𝑛(𝑘) = −𝑡 (𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜𝑏𝑛(𝑘) + 𝑏𝑛−1(𝑘) + 𝑒−𝑖𝑘𝑎𝑒𝑖𝜋𝑛𝜑/𝜙𝑜𝑏𝑛(𝑘))

𝜖𝑏𝑚,𝑛 = −𝑡 (𝑒𝑖𝜋𝑛𝜑/𝜙𝑜𝑎𝑛(𝑘) + 𝑎𝑛+1(𝑘) + 𝑒𝑖𝑘𝑎𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜𝑎𝑛(𝑘))

𝜖𝑎𝑛(𝑘) = −𝑡[(𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜 + 𝑒−𝑖𝑘𝑎𝑒𝑖𝜋𝑛𝜑/𝜙𝑜)𝑏𝑛(𝑘) + 𝑏𝑛−1(𝑘)]

𝜖𝑏𝑛(𝑘) = −𝑡[(𝑒𝑖𝜋𝑛𝜑/𝜙𝑜 + 𝑒𝑖𝑘𝑎𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜)𝑎𝑛(𝑘) + 𝑎𝑛+1(𝑘)]

𝜖𝑎𝑛(𝑘) = [𝑡𝑛
∗(𝑘)𝑏𝑛(𝑘) − 𝑡𝑏𝑛−1(𝑘)]

𝜖𝑏𝑛(𝑘) = [𝑡𝑛(𝑘)𝑎𝑛(𝑘) − 𝑡𝑎𝑛+1(𝑘)]

𝑡𝑛(𝑘) = −𝑡(𝑒𝑖𝜋𝑛𝜑/𝜙𝑜 + 𝑒𝑖𝑘𝑎𝑒−𝑖𝜋𝑛𝜑/𝜙𝑜) = −2𝑡𝑒𝑖𝑘𝑎/2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)

𝜖𝑎𝑛(𝑘) = −𝑡 [2𝑒−𝑖𝑘𝑎/2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝑏𝑛(𝑘) + 𝑏𝑛−1(𝑘)]

𝜖𝑏𝑛(𝑘) = −𝑡 [2𝑒𝑖𝑘𝑎/2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝑎𝑛(𝑘) + 𝑎𝑛+1(𝑘)] .

𝜓𝑏(𝑘, 𝑦𝑛) := (−1)𝑛𝑒−𝑖𝑘𝑛𝑎/2𝑏𝑛(𝑘)

𝜖𝑎𝑛(𝑘) = −𝑡 [2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
) (−1)𝑛𝑒𝑖𝑘(𝑛−1)𝑎/2𝜓𝑛(𝑘) + (−1)𝑛−1𝑒𝑖𝑘(𝑛−1)𝑎/2𝜓𝑛−1(𝑘)]

= −𝑡(−1)𝑛𝑒𝑖𝑘(𝑛−1)𝑎/2 [2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝜓𝑛(𝑘) − 𝜓𝑛−1(𝑘)]

𝜓𝑎(𝑘, 𝑦𝑛) = (−1)𝑛𝑒−𝑖𝑘(𝑛−1)𝑎/2𝑎𝑛(𝑘)

𝜖𝑏𝑛(𝑘) = −𝑡(−1)𝑛𝑒𝑖𝑘𝑛𝑎/2𝑎𝑛(𝑘) [2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝜓𝑎(𝑘, 𝑦) − 𝜓𝑎(𝑘, 𝑦 + 𝑎)]

𝜖𝜓𝑎(𝑘, 𝑦) = −𝑡 [2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝜓𝑏(𝑘, 𝑦) − 𝜓𝑏(𝑘, 𝑦 − 𝑎)]

𝜖𝜓𝑏(𝑘, 𝑦) = −𝑡 [2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
)𝜓𝑎(𝑘, 𝑦) − 𝜓𝑎(𝑘, 𝑦 + 𝑎)]

2 (
𝑘𝑎

2
− 𝑛𝜋

𝜑

𝜙0
) = 1



2 (
𝑘𝑎

2
−

𝑦

𝑎
𝜋

𝜑

𝜙0
) = 2 (

𝑘𝑎

2
−

𝑦

𝑎
𝜋

𝜑

𝜙0
−

𝑦 − 𝑦

𝑎
𝜋

𝜑

𝜙0
)

= 1 + (𝜋/3)
𝑦 − 𝑦(𝑘)

𝑎
2𝜋

𝜑

𝜙0

1 +
√3

2

(𝑦 − 𝑦)

𝑎
2𝜋

𝜑

𝜙0

𝜖𝜓𝑎(𝑘, 𝑦) = −𝑡𝑎 [(∂𝑦𝜓𝑏(𝑘, 𝑦)) + 𝜋√3
𝜑

𝜙0

𝑦 − 𝑦

𝑎2
𝜓𝑏(𝑘, 𝑦)]

𝜖𝜓𝑏(𝑘, 𝑦) = −𝑡𝑎 [−∂𝑦𝜓𝑎(𝑘, 𝑦) + 𝜋√3
𝜑

𝜙0

𝑦 − 𝑦

𝑎2
𝜓𝑎(𝑘, 𝑦)]

[
0 𝐴̂(𝑦, ∂𝑦)

𝐴̂†(𝑦, ∂𝑦) 0
] [

𝜓𝑎

𝜓𝑏
] = 𝜖 [

𝜓𝑎

𝜓
𝑏

]

𝐴†(𝑦, ∂𝑦) = −𝑡𝑎 [−𝑖
∂𝑦

𝑖
+ 𝜋√3

𝜑

𝜙0

𝑦 − 𝑦

𝑎2
]

𝐴(𝑦, ∂𝑦) = −𝑡𝑎 [𝑖
∂𝑦

𝑖
+ 𝜋√3

𝜑

𝜙0

𝑦 − 𝑦

𝑎2
]

[𝐴, 𝐴†] = 2𝜋𝑡2√3
𝜑

𝜙0

𝑎̂ =
1

𝑡
√

1

2𝜋√3

𝜙0

𝜑
𝐴

[𝑎̂, 𝑎̂†] = 1

−𝑡√2𝜋√3
𝜑

𝜙0
[

0 𝑎(𝑦, ∂𝑦)

𝑎†(𝑦, ∂𝑦) 0
] [

𝜓𝑎

𝜓𝑏
] = 𝜖 [

𝜓𝑎

𝜓
𝑏

]

[
0 𝑎(𝑦, ∂𝑦)

𝑎†(𝑦, ∂𝑦) 0
] [

𝜑𝑛−1

±𝜑𝑛
] = ±√𝑛 [

𝜑𝑛−1

𝜑𝑛
]

𝜖𝑛 = ∓𝑡𝑎√2𝜋√3
𝜑

𝜙0
𝑛 = ∓ℏ𝑣𝐹

1

𝑙𝐵
√2𝑛

√3𝑎2/2



2𝜋
𝜑

𝜙0
=

√3

2
2𝜋

𝐵𝑎2

𝜙0
: =

√3

2

𝑎2

𝑙𝐵
2

𝑡√2𝜋√3
𝜑

𝜙0
𝑛 = 𝑡√√3

√3

2

𝑎2

𝑙𝐵
2 𝑛

= 𝑡𝑎
√3

2

1

𝑙𝐵
√2𝑛

𝑣𝐹 = √3𝑡𝑎/2ℏ

𝜖𝑛 = ∓ℏ𝑣𝐹

1

𝑙𝐵
√2𝑛

 



 3 



𝐻(𝑟) ≪ 𝑟

𝑐𝑠 𝑃(𝑟, 𝑧) = 𝜌(𝑟, 𝑧)𝑐𝑠
2(𝑟)

𝑧
𝜌(𝑧)

𝛴(𝑟, 𝑡) 𝛴(𝑟, 𝑡) ≈ 𝜌(𝑟, 𝑡) ×
𝐻(𝑟) 𝑟(𝑟, 𝑡) 𝛺(𝑟)

𝑟
∂

∂𝑡
(𝑟2𝛺𝛴) +

∂

∂𝑟
(𝑟2𝛺. 𝑟𝛴𝑉𝑟) =

1

2𝜋

∂𝐺

∂𝑟
(1)

𝜈 𝐺

𝐺 = 2𝜋𝑟. 𝜈𝛴𝑟
𝑑𝛺

𝑑𝑟
. 𝑟

 

 
∂𝛴

∂𝑡
=

3

𝑟

∂

∂𝑟
[𝑟1/2 ∂

∂𝑟
(𝜈𝛴𝑟1/2)] (2)



𝜈 𝛴, 𝑟 𝜈

∂𝑓

∂𝑡
= 𝐷

∂2𝑓

∂𝑅2

R = 2r1/2 f = (3/2)ΣR

𝛴 𝐻

𝑀𝑑𝑖𝑠𝑘

𝑀∗
> 0.5 (

𝐻

𝑅𝑑𝑖𝑠𝑘
)

𝑧 = 𝐻

 



𝑑𝑃

𝑑𝑧
= −𝜌𝑔

𝑧
    (1) 

𝑔
𝑧

=
𝐺𝑀∗

𝑑3 𝑧

𝑧 ≪ 𝑟

𝑑𝜌

𝜌
= −

1

𝑐𝑠
2

𝐺𝑀∗

𝑟3
𝑧𝑑𝑧     (2)

𝜌(𝑟, 𝑧) = 𝜌(𝑟, 0)𝑒−𝑧2/(2𝐻2)     (3) 

H = 𝑐𝑠/ΩK 𝛺𝐾
2 =

𝐺𝑀∗

𝑟3

𝑟
∂

∂𝑡
(𝑟2𝛺𝛴) +

∂

∂𝑟
(𝑟2𝛺. 𝑟𝛴𝑉𝑟) =

1

2𝜋

∂𝐺

∂𝑟
     (4)

𝐺 = 2𝜋𝑟. 𝜈𝛴𝑟
𝑑𝛺

𝑑𝑟
. 𝑟

𝑟
∂𝛴

∂𝑡
+

∂

∂𝑟
(𝑟𝛴𝑉𝑟) = 0    (5)

𝑟
∂𝛴

∂𝑡
𝑟2𝛺 + 𝑟𝛴

∂

∂𝑡
(𝑟2𝛺) + 𝑟2𝛺

∂

∂𝑟
(𝑟𝛴𝑉𝑟) + 𝑟𝛴𝑉𝑟

∂

∂𝑟
(𝑟2𝛺) =

1

2𝜋

∂𝐺

∂𝑟

⇒ −𝑟2Ω
∂

∂𝑟
(𝑟𝑉𝑟Σ) + 𝑟Σ

∂

∂𝑡
(𝑟2Ω) + 𝑟2Ω

∂

∂𝑟
(𝑟Σ𝑉𝑟) + rΣ𝑉𝑟

∂

∂𝑟
(𝑟2Ω) =

1

2π

∂𝐺

∂𝑟
 

𝑟2Ω

𝑟𝛴𝑉𝑟
∂

∂𝑟
(𝑟2𝛺) =

1

2𝜋

∂𝐺

∂𝑟
     (6) 

 5  

𝑟
∂𝛴

∂𝑡
= −

∂

∂𝑟
[

1

2𝜋(𝑟2𝛺)′

∂𝐺

∂𝑟
] 



𝑟
∂𝛴

∂𝑡
=

∂

∂𝑟
[
2

𝑟𝛺

∂

∂𝑟
(3/2𝜈𝛴𝛺𝑟2)]

𝛺 = (𝐺𝑀∗/𝑟
3)1/2

∂𝛴

∂𝑡
=

3

𝑟

∂

∂𝑟
[𝑟1/2

∂

∂𝑟
(𝜈𝛴𝑟1/2)]    (7)

𝑅 = 2𝑟1/2 and 𝑓 = 3/2Σ𝑅
 

∂

∂𝑟
=

∂𝑅

∂𝑟

∂

∂𝑅
 ⇒ 

∂

∂𝑟
=

2

𝑅

∂

∂𝑅

∂

∂𝑡
(3Σ)

3 × 4

𝑅2

2

𝑅

∂

∂𝑅
= [

𝑅

2

2

𝑅

∂

∂𝑅
(ν3Σ

𝑅

2
)]

∂𝑓

∂𝑡
= 𝐷

∂2𝑓

∂𝑅2

𝐷 = 12𝜈/𝑅2 𝛥𝑅
𝛥𝑅2/𝐷 𝛥𝑟

𝑡𝑑𝑖𝑓 ∼ 𝛥𝑟2/𝜈

𝑔
𝑧
(𝑠𝑡𝑎𝑟) =

𝐺𝑀∗

𝑟3
𝑧

𝑔
𝑧
(𝑑𝑖𝑠𝑘) = 2𝜋𝐺𝛴

𝑔
𝑧
(𝑑𝑖𝑠𝑘)

𝑔
𝑧
(𝑠𝑡𝑎𝑟)

=
2𝜋𝐺𝛴

𝐺𝑀∗𝑧
𝑟3

𝑔
𝑧
(𝑑𝑖𝑠𝑘) > 𝑔

𝑧
(𝑠𝑡𝑎𝑟)

𝑟 𝑀𝑑𝑖𝑠𝑘(𝑟) = 𝜋𝑟2𝛴 𝑧~𝐻

𝑀𝑑𝑖𝑠𝑘

𝑀∗

> 0.5 (
𝐻

𝑟
) 





 
𝑅0

𝜌

 

𝑇 = √
3𝜌

2𝑝0

∫
𝑑𝑟

√(𝑅0/𝑟)
3 − 1

𝑅0

0

(1)

𝑝0

 

∫
𝑑𝑟

√(𝑅0/𝑟)
3 − 1

𝑅0

0

(2)

𝑥 = 𝑟/𝑅0

 

https://www.python.org/downloads/


 
𝐶/𝑚2

𝑑2𝑃

𝑑𝑡2
+ 𝛾

𝑑𝑃

𝑑𝑡
+ 𝜔0

2𝑃 − 𝜈𝜔𝑝
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Figure 1-Problem scheme 
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Figure 2-Problem scheme 
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Figure 1- 𝑉𝑒𝑓𝑓  function of a. 

Figure 2-Expansion followed by collapse. 

 





 



 

 

 



 

Notice that the bit needs to be in the same direction as the magnetic layers. 

 

 

Parallel (left) 𝑅𝑃 = (𝑟 + 𝑅)/(2𝑟𝑅)   

Antiparallel (right) 𝑅𝐴𝑃 = (𝑅 + 𝑟)/2 



GMR:  𝐺𝑀𝑅 = (𝑅𝐴𝑃 − 𝑅𝑃)/𝑅𝑃 ∗ 100% 
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𝑚𝑒

2𝜋2ħ3 ∫ 𝑓1(𝐸)(1 − 𝑓2(𝐸 + 𝑒𝑉))𝑑𝐸𝑟
∞

0

𝜉2(𝐸𝑧) =
𝑚𝑒

2𝜋2ħ3 ∫ 𝑓2(𝐸 + 𝑒𝑉)(1 − 𝑓1(𝐸))𝑑𝐸𝑟
∞

0

𝜉(𝐸𝑧, 𝑒𝑉) = 𝜉1 − 𝜉2 =
𝑚𝑒

2𝜋2ħ3 ∫ [𝑓1(𝐸) − 𝑓2(𝐸 + 𝑒𝑉)]𝑑𝐸𝑟
∞

0

 𝐽 

𝐽 = ∫ 𝐷(𝐸𝑧)𝜉(𝐸𝑧, 𝑒𝑉)𝑑𝐸𝑧
𝐸𝑚

0

 to  𝑈(𝑧)  𝑈(𝑧) = 𝜇 + 𝜑(𝑧)

𝐷(𝐸𝑧) ∝ 𝑒𝑥𝑝{−𝐴𝛿𝑧√𝜇 + 𝜑̅(𝑧) − 𝐸𝑧}

 𝜑̅ 

𝜑̅ =
1

𝛿𝑧
∫ 𝜑(𝑧)𝑑𝑧

𝑧2

𝑧1

𝐴 = 2𝛽√
2𝑚

ħ2

𝛽   

𝛽 = 1 −
1

8𝑓2𝛿𝑧
∫ [𝑓(𝑧) − 𝑓]

2𝑧2

𝑧1

𝑑𝑧

 𝑇 = 0 𝐾 

𝜉(𝐸𝑧) =
𝑚𝑒

2𝜋2ħ3 {
𝑒𝑉,             𝐸𝑧 ∈ [0; 𝜇 − 𝑒𝑉]

𝜇 − 𝐸𝑧,        𝐸𝑧 ∈ [𝜇 − 𝑒𝑉; 𝜇]
0,                𝐸𝑧 > 𝜇
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𝐽 =
𝑚𝑒

2𝜋2ħ3 {𝑒𝑉 ∫ 𝑒𝑥𝑝[−𝐴𝛿𝑧√𝜇 + 𝜑̅ − 𝐸𝑧]𝑑𝐸𝑧
𝜇−𝑒𝑉

0
+ ∫ (𝜇 − 𝐸𝑧)𝑒𝑥𝑝[−𝐴𝛿𝑧√𝜇 + 𝜑̅ − 𝐸𝑧]𝑑𝐸𝑧

𝜇

𝜇−𝑒𝑉
}

𝐽 =
𝛼

𝛿𝑧
2 {𝜑̅ 𝑒𝑥𝑝(−𝐴𝛿𝑧√𝜑̅) − (𝜑̅ + 𝑒𝑉)𝑒𝑥𝑝[−𝐴𝛿𝑧√𝜑̅ + 𝑒𝑉]}

 𝛼 = 𝑒/4𝜋2𝛽2ħ

(𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) 𝑘

ӧ

𝐸𝑤𝑒𝑙𝑙,1𝑑 = (1/8)ℎ2/𝑚𝑑2

𝐸𝑤𝑒𝑙𝑙,3𝑑(𝑐𝑢𝑏𝑒) = 3𝐸𝑤𝑒𝑙𝑙,1𝑑 = (3/8)ℎ2/𝑚𝑑2

𝑑

𝑑 ӧ

𝐸𝑤𝑒𝑙𝑙,3𝑑(𝑠𝑝ℎ𝑒𝑟𝑒) = (1/2)ℎ2/𝑚𝑑2

𝐸𝐶𝑜𝑢𝑙 = −1.8𝑒2/2𝜋𝜀𝜀0𝑑



𝐸𝑔(𝑑) = 𝐸𝑔(𝑏𝑢𝑙𝑘) + ℎ2/2𝑚 ∗ 𝑑2 − 1.8𝑒2/2𝜋𝜀𝜀0𝑑

𝐸𝑔

√𝑓(𝑧)  𝑧1 𝑧2

∫ √𝑓(𝑧)
𝑧2

𝑧1
𝑑𝑧

 𝑓 

𝑓 =
1

𝛿𝑧
∫ √𝑓(𝑧)𝑑𝑧

𝑧2

𝑧1

 𝑓  𝑓 𝑧1 𝑧2  𝛿𝑧 = 𝑧2 − 𝑧1

∫ √𝑓(𝑧)𝑑𝑧
𝑧2

𝑧1
= √𝑓 ∫ √1 +

[𝑓(𝑧)−𝑓]

𝑓

𝑧2

𝑧1
𝑑𝑧

 [(𝑓(𝑧) −

𝑓) /𝑓]
3
 

∫ √𝑓(𝑧)𝑑𝑧
𝑧2

𝑧1
= √𝑓 ∫ {1 +

[𝑓(𝑧)−𝑓]

2𝑓
−

[𝑓(𝑧)−𝑓]
2

8𝑓2 }
𝑧2

𝑧1
𝑑𝑧

∫ √𝑓(𝑧)𝑑𝑧
𝑧2

𝑧1
= 𝛽√𝑓𝛿𝑧

𝛽 = 1 −
1

8𝑓2𝛿𝑧
∫ [𝑓(𝑧) − 𝑓]

2𝑧2

𝑧1
𝑑𝑧   





𝐻2 +
𝑘

𝑎2
=

8𝜋𝐺

3
𝜌 , (1)

𝑎 𝐻 = 𝑎̇/𝑎
𝑘 𝜌

𝑐 = 1

𝜌̇ = −3𝐻(𝜌 + 𝑝) = −3𝐻(1 + 𝑤)𝜌 , (2)

𝑝 𝑤 = 𝑝/𝜌

𝜌1 =
1

2
𝜙̇2 + 𝑉1(𝜙) , 𝑝1 =

1

2
𝜙̇2 − 𝑉1(𝜙) , (3)

𝑉1

𝜌2 =
𝑉2(𝜙)

√1 − 𝜙̇2

  , 𝑝2 = −𝑉2(𝜙)√1 − 𝜙̇2 , (4)

𝑉2

𝑤(𝑧) = −1 + (1 + 𝑤0)
𝐻0

2

𝐻2(𝑧)
  , (5)

𝑤0 𝐻0

𝛺𝑚 𝛺𝜙



𝐻2(𝑧)

𝐻0
2 = 𝛺𝑚(1 + 𝑧)3 + 𝛺𝜙 [

(1 + 𝑧)3

𝛺𝑚(1 + 𝑧)3 + 𝛺𝜙
]

1+𝑤0
𝛺𝜙

  . (6)

𝜙̈ + 3𝐻𝜙̇ = −3𝐻0
2 [𝜂𝑚𝛺𝑚 (

𝑎0

𝑎
)
3

+ 𝜂𝛬𝛺𝛬]  , (7)

𝜂𝑚 𝜂𝛬

𝑎0

𝜙0 = 0

𝛼

𝛼

𝛥𝛼

𝛼
(𝑧) ≡

𝛼(𝑧) − 𝛼0

𝛼0
= 𝜁 ∫ √3𝑓𝜙(𝑦)[1 + 𝑤𝜙(𝑦)]

𝑧

0

𝑑𝑦

1 + 𝑦
 , (8)

𝑤𝜙

𝑓𝜙 =
𝜌𝜙

𝜌𝑚 + 𝜌𝜙

(9)

𝜁

𝛼

𝛥𝛼

𝛼
(𝑧) ∝ (1 + 𝑧) . (10)



𝜙̈ + 3𝐻𝜙̇ +
𝑑𝑉1

𝑑𝜙
= 0

𝜙̈

1−𝜙̇2 + 3𝐻𝜙̇ +
1

𝑉2

𝑑𝑉2

𝑑𝜙
= 0 

𝜌̇

𝑎̈

𝑎
= −

4𝜋𝐺

3
(𝜌 + 3𝑝) 

𝜌𝑚

𝜌𝜙 > 𝜌𝑚

𝜌𝜙 + 3𝑝𝜙 +

𝜌𝑚 < 0

2𝑉1(𝜙) > 2𝜌𝑚 − 𝜙̇2 , 2𝑉1(𝜙) > 𝜌𝑚 + 2𝜙̇2 ,

𝑉2(𝜙) > √1 − 𝜙̇2𝜌𝑚 , 𝑉2(𝜙) >
√1−𝜙̇2

1−3𝜙̇2 𝜌𝑚  ,

1 + 𝑤 = 1 +
𝑝

𝜌
=

𝜙̇2

1/2𝜙̇2+𝑉
 .

𝜙̇2 ≪ 𝑉 𝑉

(1 + 𝑤) ∝ 𝜙̇2 

𝜙̈ 𝑉

𝜙̇ ∝
1

𝐻
 

(1 + 𝑤) ∝ 1/𝐻2



𝑤(𝑧) = −1 + (1 + 𝑤0)
𝐻0

2

𝐻2(𝑧)
 ,

𝑑𝜌

𝑑𝑧
= 3

1+𝑤(𝑧)

1+𝑧
𝜌 

𝑤 = 0 𝜌𝑚 ∝ 𝑎−3 ∝ (1 + 𝑧)3

𝑤(𝑧)

𝐻2(𝑧)

𝐻0
2 = 𝛺𝑚(1 + 𝑧)3 + 𝛺𝜙 [3 ∫

(1+𝑤(𝑦)

1+𝑦

𝑧

0
𝑑𝑦] 

1 + 𝑤(𝑧) = (1 + 𝑤0)
𝐻0

2

𝐻2(𝑧)
 ,

1 + 𝑤(𝑧) =
1+𝑤0

𝛺𝑚(1+𝑧)3+𝛺𝜙
 ,

𝐻2(𝑧)

𝐻0
2 = 𝛺𝑚(1 + 𝑧)3 + 𝛺𝜙 [

(1+𝑧)3

𝛺𝑚(1+𝑧)3+𝛺𝜙
]

1+𝑤0
𝛺𝜙  

𝐻2(𝑧)

𝐻0
2 = 𝛺𝑚(1 + 𝑧)3 + 𝛺𝛬 = 𝐸2(𝑧) 

𝐸(𝑧)

𝐻2 = (
𝑎̇

𝑎
)
2

= 𝐻0
2 (𝛺𝑚

𝑎0
3

𝑎3 + 𝛺𝛬) 

𝑦2 = (𝛺𝛬/𝛺𝑚)(𝑎/𝑎0)
3

𝑦̇2 = (
3

2
𝐻0)

2
𝛺𝛬(1 + 𝑦2) ,

𝑎(0) = 0

𝑎(𝑡)

𝑎0
= (

𝛺𝑚

𝛺𝛬
)
1/3

2/3
(
3

2
𝐻0√𝛺𝛬𝑡) 



𝜙̇ = −3𝛺𝑚𝐻0
2 𝑎0

3

𝑎3 [𝜂𝑚𝑡 +
𝜂𝛬

2𝑏
( (𝑏𝑡) − 𝑏𝑡)] 

𝑏 = 3√𝛺𝛬𝐻0

𝜙̇(0) = 0

𝑎0/𝑎 = 1 + 𝑧

𝜙(𝑧) = 2𝜂𝑚 (1 + 𝑧) +
2(𝜂𝛬−2𝜂𝑚)

3√𝛺𝛬
[ (

1+√𝛺𝛬

√𝛺𝑚
) − √𝐸2(𝑧) (

√𝛺𝛬+√𝐸2(𝑧)

√𝛺𝑚(1+𝑧)3
)] ,

𝐸(𝑧)

𝑓𝜙(𝑧)[1 + 𝑤(𝑧)] = 𝑐𝑜𝑛𝑠𝑡. 

𝑑𝑤

𝑑𝑧
= −3(1 + 𝑤0)

𝑤

1+𝑧
[

1+𝑤

1+𝑤0
− 𝛺𝜙] .

𝑤0

𝑤(𝑧) =
[1−𝛺𝜙(1+𝑤0)]𝑤0

𝛺𝑚(1+𝑤0)(1+𝑧)3[1−𝛺𝜙(1+𝑤0)]
−𝑤0

 ,

𝛺𝑚 + 𝛺𝜙 = 1

𝜌𝜙

𝐻2(𝑧)

𝐻0
2 = 𝛺𝑚(1 + 𝑧)3 +

𝛺𝜙

𝛺𝑚(1+𝑤0)−𝑤0
[𝛺𝑚(1 + 𝑤0)(1 + 𝑧)3 − 𝑤0(1 + 𝑧)3𝛺𝜙(1+𝑤0)] ,

 

 





𝐵⃗⃗⃗
𝑙 𝑣⃗⃗⃗

𝜃
𝑑

𝜙 𝑣

𝜙

𝑑

𝜃

𝑉

𝑑



𝐹⃗ = 𝑒 𝑣⃗ × 𝐵⃗⃗

𝑒

𝐵⃗⃗

𝐹⃗
𝑣⃗

𝜙 𝜃

𝑒 𝑣 𝐵 =
𝑚 𝑣2

𝑅
 ⇒  𝑅 =

𝑚 𝑣

𝑒 𝐵

𝑅 𝑚

𝑅 𝜃
𝑑

𝑑 = 2 𝑅  𝜃 =
2 𝑚 𝑣  𝜃

𝑒 𝐵

𝑅

𝑅  𝜃 = 𝑙  𝜃

𝜃

𝑅  2𝜃 + 𝑙  𝜃 − 𝑅 = 0

𝜃 = −
𝑙

2 𝑅
± √(

𝑙

2 𝑅
)
2

+ 1

0 ≤ 𝜃 ≤ 𝜋/2 𝜃



𝜃 = −1 (√(
𝑙 𝑒 𝐵

2 𝑚 𝑣
)
2

+ 1 −
𝑙 𝑒 𝐵

2 𝑚 𝑣
)

𝑉 𝑣⃗
𝑣⃗ ′

𝑚

2
𝑣2 =

𝑚

2
𝑣′2 + 𝑒 𝑉  ⇒  𝑣′2 = 𝑣2 −

2 𝑒 𝑉

𝑚

𝑣⃗ 𝑣⃗ ′

𝜃′ =
√𝑣′2 − 𝑣2 2𝜃

𝑣′

𝑑 𝑣 𝑣′ 𝜃 𝜃′

𝑑 =
2 𝑚 𝑣′  𝜃′

𝑒 𝐵
=

2 𝑚

𝑒 𝐵
√𝑣′2 − 𝑣2 2𝜃

𝑣′2

𝑑 =
2 𝑚

𝑒 𝐵
√𝑣2 2𝜃 −

2 𝑒 𝑉

𝑚

 





 
 

𝑁
𝑇 𝑉(𝐫)

 



 

𝐻 =
𝐩2

2𝑚
+ 𝑉(𝐫)

𝑉(𝐫)

 

ρ(𝐫) = 𝐶𝑒−𝛽𝑉(𝐫)

𝐶

 

𝑉(𝐫)

 𝐿

 𝑥2 + 𝑦2 ≤ 𝑅2 𝑧 >
0 𝑚𝑔𝑧

 V(𝐫) =
1

2
k|𝐫|2

 

𝑅 𝐫 = 𝐫0
𝐫′ =

𝐫 − 𝐫0
 

𝑈 (𝐫′) = 𝑈0𝑓 (
𝑟′ − 𝑅

𝑅
)𝛩(𝑅 − 𝑟′)

𝑈0 >
0 𝛩(𝑥) 𝑓(𝑥) ≈ − 𝑥 𝑥 ≈ 0

𝑈0 → + ∞

 



 

𝐅(𝐫𝑖
′)

𝐫𝑖
′ 𝑖

𝑈 (𝐫′)

 

𝐅(𝑟′)

𝐅(𝑟′) = 𝑁
𝑟′2 [−

𝑑𝑈

𝑑𝑟′ 𝐫̂] (−𝛽𝑈 (𝑟′)) ℐ(𝑟′)

∫ 𝑑(3)𝐫′ (−𝛽[𝑈 (𝑟′) + 𝑉(𝐫0 + 𝐫′)])

 ℐ(𝑟′) ℐ(𝑟′)

 

⟨𝐅 ⋅ 𝐫̂′⟩

 𝑈0 → +∞

∫
∞

0

𝑑𝑟′ 𝑟′2 [−
𝑑𝑈

𝑑𝑟′
] (−𝛽𝑈 (𝑟′)) ℐ(𝑟′) =

1

𝛽
𝑅2ℐ(𝑅).

 𝑉(𝐫)

𝑃(𝐫0) = 𝑘 𝑇𝜌(𝐫0).

 

V(𝑟) =
1

2
k|𝑟|2.

𝑘
𝑘 → 0+ 𝑘

 



 𝐮̂ ⟨𝐅 ⋅ 𝐮̂⟩ = 𝐹‾𝑢

𝐹‾𝑢 = −𝑁
∫

∞

0
𝑑𝑟′ 𝑟′2 [−

𝑑𝑈

𝑑𝑟′ ] (−𝛽𝑈 (𝑟′))𝒥(𝑟′)

∫𝑑(3)𝐫 (−𝛽𝑉(𝐫))
,

𝒥(𝑟′ = |𝐫 − 𝐫0|) = ∫
2𝜋

0
𝑑𝜙′ ∫

𝜋

0
𝑑𝜃′ 𝜃′ 𝜃′ (−𝛽𝑉(𝑟′, 𝜃′, 𝜙′))

𝑧′ 𝐮̂

 𝑉(𝐫)

 𝑈0 → +∞

𝐅 = −
4

3
𝜋𝑅3𝜌(𝐫0)(−𝛁𝑉(𝐫0)).

𝑉(𝐫)

𝐹 = 𝑉𝑏𝜌(𝑧)𝑚𝑔

𝑉𝑏

(−𝛽𝑉(𝐫)) 𝐫0
𝐮̂

𝑉

 

𝑅

𝑅

𝑑𝐸 = 𝛾𝑑𝐴 𝛾 > 0



 

𝑃𝑜𝑢𝑡 − 𝑃𝑖𝑛 =
−2𝛾

𝑅

 𝑅

𝑃𝑜𝑢𝑡 =
𝑁𝑘𝐵𝑇

4
3

𝜋𝑅3
+

−2𝛾

𝑅

𝑁 𝑇
𝑅

𝑃𝑜𝑢𝑡



𝜌(𝐫) = ∑𝛿

𝑁

𝑖=1

(𝐫 − 𝐫𝑖)

𝐻(𝐫, 𝐩) =
𝐩2

2𝑚
+ 𝑉(𝐫)

ℋ({𝐫𝑖 , 𝐩𝑖}) = ∑𝐻

𝑁

𝑖=1

(𝐫𝑖 , 𝐩𝑖) = ∑(
𝐩𝑖

2

2𝑚
+ 𝑉(𝐫𝑖))

𝑁

𝑖=1

𝑁

𝑍𝑁 =
1

𝑁! ℎ3𝑁
∫ 𝑑3𝑁𝐫∫ 𝑑3𝑁𝐩 (−𝛽ℋ)

𝑁! 𝑍

𝑍𝑁 =
1

𝑁!
[
1

ℎ3
∫ 𝑑3𝐫∫ 𝑑3𝐩 (−𝛽𝐻(𝐫, 𝐩))]

𝑁

𝑍𝑁 =
1

𝑁!
[(

2𝜋𝑚

𝛽ℎ2
)
3/2

∫ 𝑑3𝐫 (−𝛽𝑉(𝐫))]

𝑁

⟨𝜌(𝐫)⟩ =

1
𝑁! ℎ3𝑁 ∫ 𝑑3𝑁𝐫∫ 𝑑3𝑁𝐩∑ 𝛿𝑁

𝑖=1 (𝐫 − 𝐫𝑖) (−𝛽ℋ)

𝑍𝑁

⟨𝜌(𝐫)⟩ = 𝑁

1
𝑁! ℎ3𝑁 ∫ 𝑑3𝐫∫ 𝑑3𝐩𝛿(𝐫 − 𝐫𝑖) (−𝛽𝐻)

1
𝑁! [

1
ℎ3 ∫ 𝑑3𝐫′∫ 𝑑3𝐩 (−𝛽𝐻(𝐫′, 𝐩))]



⟨𝜌(𝐫)⟩ = 𝑁
∫ 𝑑3𝐫′𝛿(𝐫 − 𝐫′) (−𝛽𝑉(𝐫′))

∫ 𝑑3𝐫′ (−𝛽𝑉(𝐫′))

⟨𝜌(𝐫)⟩ = 𝑁
(−𝛽𝑉(𝐫))

∫ 𝑑3𝐫′ (−𝛽𝑉(𝐫′))

𝑉(𝐫) = {
0
+∞

⟨𝜌(𝐫)⟩ = {

𝑁

𝑉𝑏

0

𝑉(𝐫) = {
𝑚𝑔𝑧
+∞

∫ 𝑑3𝐫′ (−𝛽𝑉(𝐫′)) = ∫ 𝑑
𝑅

0

𝑟𝑟 ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
∞

0

𝑧 (−𝛽𝑚𝑔𝑧)

= 𝜋𝑅2 ∫ 𝑑
∞

0

𝑧 (−𝛽𝑚𝑔𝑧)

= 𝜋𝑅2
(−𝛽𝑚𝑔𝑧)

−𝛽𝑚𝑔
|
0

∞

=
𝜋𝑅2

𝛽𝑚𝑔

⟨𝜌(𝐫)⟩ = {
𝑁

𝜋𝑅2

𝛽𝑚𝑔

0

𝑉(𝑟) =
1

2
𝑘|𝑟|2



∫ 𝑑3𝐫′ (−𝛽𝑉(𝐫′)) = ∫ 𝑑
+∞

0

𝑟𝑟2 ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 (𝜃) (−𝛽
1

2
𝑘𝑟2)

= 4𝜋 ∫ 𝑑
+∞

0

𝑟𝑟2 (−
𝛽𝑘

2
𝑟2)

= 2𝜋 ∫ 𝑑
+∞

−∞

𝑟𝑟2 (−
𝛽𝑘

2
𝑟2)

= 2𝜋
√𝜋

2
(
𝛽𝑘

2
)
−

3
2

= (
2𝜋

𝛽𝑘
)

3
2

⟨𝜌(𝐫)⟩ = 𝑁 (
2𝜋

𝛽𝑘
)
−

3
2

(−
𝛽𝑘

2
𝑟2)

𝐟 = −𝛁𝑈(𝐫) = −
𝑑𝑈

𝑑𝑟
𝐫̂

𝐟 ({𝐫𝑖}) = ∑𝐟

𝑁

𝑖=1

(𝐫𝑖)

𝐫

𝐅(𝐫) = ∑𝐟

𝑁

𝑖=1

(𝐫𝑖)𝛿(𝐫𝑖 − 𝐫)

⟨𝐅(𝐫)⟩ =

1
𝑁! ℎ3𝑁 ∫ 𝑑3𝑁𝐫∫ 𝑑3𝑁𝐩𝐅(𝐫) (−𝛽ℋ)

𝑍𝑁

=

1
𝑁! ℎ3𝑁 ∫ 𝑑3𝑁𝐫∫ 𝑑3𝑁𝐩∑ 𝐟𝑁

𝑖=1 (𝐫𝑖)𝛿(𝐫𝑖 − 𝐫) (−𝛽ℋ)

𝑍𝑁

=

1
𝑁! ℎ3 𝑁∫ 𝑑3𝐫1∫ 𝑑3𝐩1𝐟(𝐫1)𝛿(𝐫1 − 𝐫) (−𝛽𝐻(𝐫1, 𝐩1))

1
𝑁!

1
ℎ3 ∫ 𝑑3𝐫1∫ 𝑑3𝐩

1
(−𝛽𝐻(𝐫1, 𝐩1))



𝐻 =
𝐩2

2𝑚
+ 𝑉(𝐫) + 𝑈(𝑟)

⟨𝐅(𝐫)⟩ = 𝑁
[−

𝑑𝑈
𝑑𝑟

𝐫̂] (−𝛽[𝑉(𝐫) + 𝑈(𝑟)])

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

⟨𝐅(𝑟)⟩ = ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 (𝜃)𝑟2⟨𝐅(𝐫)⟩

= 𝑁
𝑟2 [−

𝑑𝑈
𝑑𝑟

𝐫̂] (−𝛽𝑈(𝑟))∫ 𝑑
2𝜋

0
𝜙 ∫ 𝑑

𝜋

0
𝜃 (𝜃) (−𝛽𝑉(𝐫))

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

= 𝑁
𝑟2 [−

𝑑𝑈
𝑑𝑟

𝐫̂] (−𝛽𝑈(𝑟))ℐ(𝑟)

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 (𝜃) (−𝛽𝑉(𝐫)) = ℐ(𝑟)

⟨𝐅 ⋅ 𝐫̂⟩

𝑃 =
1

4𝜋𝑅
⟨𝐅 ⋅ 𝐫̂⟩

𝑃 =
1

4𝜋𝑅2
⟨𝐅 ⋅ 𝐫̂⟩

=
1

4𝜋𝑅2
𝑁 ∫ 𝑑

∞

0

𝑟𝐫̂ ⋅ ⟨𝐅(𝑟)⟩

=
1

4𝜋𝑅2
𝑁 ∫ 𝑑

∞

0

𝑟𝐫̂ ⋅
𝑟2 [−

𝑑𝑈
𝑑𝑟

𝐫̂] (−𝛽𝑈(𝑟))ℐ(𝑟)

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

=
1

4𝜋𝑅2
𝑁

∫ 𝑑
∞

0
𝑟𝑟2 [−

𝑑𝑈
𝑑𝑟

] (−𝛽𝑈(𝑟))ℐ(𝑟)

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

𝑟 > 𝑅



= ∫ 𝑑
∞

0

𝑟𝑟2 [−
𝑑𝑈

𝑑𝑟
] (−𝛽𝑈(𝑟))ℐ(𝑟)

=
1

𝛽
∫ 𝑑

∞

0

𝑟
𝑑

𝑑𝑟
(−𝛽𝑈(𝑟))𝑟2ℐ(𝑟)

=
1

𝛽
∫ 𝑑

𝑅

0

𝑟
𝑑

𝑑𝑟
(−𝛽𝑈(𝑟))𝑟2ℐ(𝑟)

=
1

𝛽
∫ 𝑑

𝑅

0

𝑟
𝑑

𝑑𝑟
(−𝛽𝑈(𝑟))𝑟2ℐ(𝑟)

=
1

𝛽
[[ (−𝛽𝑈(𝑟))𝑟2ℐ(𝑟)]

0

𝑅
− ∫ 𝑑

𝑅

0

𝑟 (−𝛽𝑈(𝑟))
𝑑

𝑑𝑟
(𝑟2ℐ(𝑟))]

𝑈 → +∞ 𝑟 = 0

∫ 𝑑
∞

0

𝑟𝑟2 [−
𝑑𝑈

𝑑𝑟
] (−𝛽𝑈(𝑟))ℐ(𝑟) =

1

𝛽
𝑅2ℐ(𝑅)

𝑉(𝐫)

ℐ(𝑅) = ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 (𝜃) (−𝛽𝑉(𝑅, 𝜃, 𝜙)) = 4𝜋 (−𝛽𝑉(𝟎))

𝑈

𝑈

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)]) = ∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1)])

𝑃 =
1

4𝜋𝑅2
𝑁

∫ 𝑑
∞

0
𝑟𝑟2 [−

𝑑𝑈
𝑑𝑟

] (−𝛽𝑈(𝑟))ℐ(𝑟)

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

=
1

4𝜋𝑅2
𝑁

1
𝛽

𝑅2ℐ(𝑅)

∫ 𝑑3𝐫1 (−𝛽𝑉(𝐫1))

=
1

4𝜋𝑅2
𝑁

1
𝛽

𝑅24𝜋 (−𝛽𝑉(𝟎))

∫ 𝑑3𝐫1 (−𝛽𝑉(𝐫1))

=
𝑁

𝛽

(−𝛽𝑉(𝟎))

∫ 𝑑3𝐫1 (−𝛽𝑉(𝐫1))

𝑃 = 𝑘𝐵𝑇𝜌(𝟎)



𝑃(𝐫) = 𝑘𝐵𝑇𝜌(𝐫)

𝜌(𝐫) = 𝑁/𝑉𝑏

𝑃(𝐫) = 𝑘𝐵𝑇𝑁/𝑉𝑏

𝑅

𝑃 =
𝑁𝑘 𝑇

4𝜋
×

∫
2𝜋

0
𝑑𝜙∫

𝜋

0
𝑑𝜃 𝜃 (−𝛽𝑉(𝑅))

∫
∞

0
𝑑𝑟 ∫

2𝜋

0
𝑑𝜙∫

𝜋

0
𝑑𝜃 𝜃𝑟2 (−𝛽𝑉(𝑟))

,

𝑉(𝐫) 𝑉(𝑟) = 𝑘𝑟2/2

𝑃 = 𝑁𝑘 𝑇 [
2𝜋𝑘 𝑇

𝑘
]
−

3
2

× 𝑒
−

𝑘𝑅2

2𝑘 𝑇.

𝑉 =
4𝜋

3
[
𝑘 𝑇

𝑘
]

3
2

𝑃

𝑃 = √
2

9𝜋

𝑁𝑘 𝑇

𝑉
[1 −

1

2
×

𝑅2

𝑘 𝑇/𝑘
+ ⋯].

⟨𝐅 ⋅ 𝐳̂⟩ = 𝐹‾𝑧



𝐹‾𝑧 = ⟨𝐅 ⋅ 𝐳̂⟩

= ∫ 𝑑3𝐫⟨𝐅(𝐫)⟩ ⋅ 𝐳̂

= 𝑁
∫ 𝑑3𝐫 [−

𝑑𝑈
𝑑𝑟

𝐫̂ ⋅ 𝐳̂] (−𝛽[𝑉(𝐫) + 𝑈(𝑟)])

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

𝐫̂ ⋅ 𝐳̂ = (𝜃)

𝐹‾𝑧 = ⟨𝐅 ⋅ 𝐳̂⟩

= ∫ 𝑑3𝐫⟨𝐅(𝐫)⟩ ⋅ 𝐳̂

= 𝑁
∫ 𝑑

𝑅

0
𝑟𝑟2 ∫ 𝑑

2𝜋

0
𝜙 ∫ 𝑑

𝜋

0
𝜃 𝜃 [−

𝑑𝑈
𝑑𝑟

(𝜃)] (−𝛽[𝑉(𝐫) + 𝑈(𝑟)])

∫ 𝑑3𝐫1 (−𝛽[𝑉(𝐫1) + 𝑈(𝑟1)])

∫ 𝑑
𝑅

0

𝑟𝑟2 ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 [−
𝑑𝑈

𝑑𝑟
(𝜃)] (−𝛽[𝑉(𝐫) + 𝑈(𝑟)])

= ∫ 𝑑
𝑅

0

𝑟𝑟2 [−
𝑑𝑈

𝑑𝑟
] (−𝛽𝑈(𝑟))∫ 𝑑

2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃) (−𝛽𝑉(𝐫))

= ∫ 𝑑
𝑅

0

𝑟𝑟2 [−
𝑑𝑈

𝑑𝑟
] (−𝛽𝑈(𝑟))𝒥(𝑟)

𝒥(𝑟) = ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃) (−𝛽𝑉(𝐫))

𝑉(𝐫) 𝒥

𝒥(𝑟) = ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃) (−𝛽𝑉)

= (−𝛽𝑉)2𝜋∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃)

= (−𝛽𝑉)2𝜋(
2𝜃

2
)

0

𝜋

= 0

𝑉

(−𝛽𝑉(𝐫)) = (−𝛽𝑉(𝟎)) [1 − 𝛽
∂𝑉

∂𝑥
|
𝐫=𝟎

𝑥 − 𝛽
∂𝑉

∂𝑦
|
𝐫=𝟎

𝑦 − 𝛽
∂𝑉

∂𝑧
|
𝐫=𝟎

𝑧]

(−𝛽𝑉(𝐫)) = (−𝛽𝑉(𝟎)) − 𝛽 (−𝛽𝑉(𝟎))𝛁𝑉(𝟎) ⋅ (𝑟 𝜃 (𝜙), 𝑟 𝜃 (𝜙), 𝑟 𝜃)



𝑧

𝒥(𝑟) = ∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃) (−𝛽𝑉(𝐫))

= −𝛽
∂𝑉

∂𝑧
|
𝐫=𝟎

(−𝛽𝑉(𝟎))∫ 𝑑
2𝜋

0

𝜙 ∫ 𝑑
𝜋

0

𝜃 𝜃 (𝜃)𝑟 𝜃

= −𝛽
∂𝑉

∂𝑧
|
𝐫=𝟎

(−𝛽𝑉(𝟎))
4𝜋

3
𝑟

𝐹‾𝑧 = 𝑁

1
𝛽 ∫ 𝑑

𝑅

0
𝑟𝑟2𝛿(𝑟 − 𝑅)

∫ 𝑑3𝐫1 (−𝛽𝑉(𝐫1))
[−𝛽

∂𝑉

∂𝑧
|
𝐫=𝟎

(−𝛽𝑉(𝟎))
4𝜋

3
𝑟]

= −
4𝜋

3
𝑅3𝑁

(−𝛽𝑉(𝟎))

∫ 𝑑3𝐫1 (−𝛽𝑉(𝐫1))
[−

∂𝑉

∂𝑧
|
𝐫=𝟎

]

𝐅 = −
4𝜋

3
𝑅3𝜌(𝐫0)(−𝛁𝑉(𝐫0))

𝑉 𝑧 𝜌

𝐹𝐴 = −
4𝜋

3
𝑅3𝜌(𝑧)(−𝑚𝑔)

= 𝑉𝑏𝜌(𝑧)𝑚𝑔

𝑅 𝑁1

𝑇1 𝑁2 𝑇2

𝑉2

𝐸 = 𝛾𝐴 𝐴 𝛾 > 0
𝑑𝑅

𝑑𝐸 = 𝛾8𝜋𝑅𝑑𝑅

𝐹 = −
𝑑𝐸

𝑑𝑅
= −𝛾8𝜋𝑅

𝑃𝑠𝑢𝑟𝑓 =
𝐹𝑠𝑢𝑟𝑓

𝐴
= −𝛾8𝜋𝑅

1

4𝜋𝑅2
=

−2𝛾

𝑅

𝑃𝑜𝑢𝑡 + 𝑃𝑠𝑢𝑟𝑓 = 𝑃𝑖𝑛



𝑃𝑜𝑢𝑡 − 𝑃𝑖𝑛 =
−2𝛾

𝑅

𝑃𝑜𝑢𝑡 = 𝑃𝑖𝑛 +
−2𝛾

𝑅

=
𝑁1𝑘𝐵𝑇1

𝑉1
+

−2𝛾

𝑅

=
𝑁1𝑘𝐵𝑇1

4
3𝜋𝑅3

+
−2𝛾

𝑅

𝑃𝑜𝑢𝑡 > 0

 





 

 

𝐵⃗⃗𝑜 = 𝐵𝑜𝑧̂

𝜇⃗ 𝐽

𝜇⃗ = 𝛾𝐽 𝛾
𝑥, 𝑦, 𝑧)

θ0

𝐵⃗⃗𝑜

𝜔𝑜

𝑥′, 𝑦′, 𝑧′)

Ω⃗⃗⃗ = −ω0𝑧̂ 𝑧 = 𝑧′

𝐵⃗⃗1(𝑡) =
𝐵1(𝑡) cos(𝜔𝑡)𝑥̂ − 𝐵1(𝑡) sin(𝜔𝑡)𝑦̂ 𝐵1

𝜏 𝑥’
𝜔1 = 𝛾𝐵1 𝜔 = 𝜔𝑜

𝜏 𝑦′

 



𝜇⃗

𝐵⃗⃗ 𝜏

𝜏 = 𝜇⃗ × 𝐵⃗⃗

𝜇⃗ = 𝛾𝐽 𝜏 =
𝑑𝐽

𝑑𝑡

𝑑𝐽

𝑑𝑡
= 𝜇⃗ × 𝐵⃗⃗

𝑑𝜇⃗

𝑑𝑡
= 𝛾𝜇⃗ × 𝐵⃗⃗

𝐵0
⃗⃗⃗⃗⃗.

𝑑|𝜇⃗⃗⃗|

𝑑𝑡
= 0 𝑑𝜇⃗ ⊥ 𝜇⃗, 𝐵0

⃗⃗⃗⃗⃗ 𝑑𝜇⃗ ≠ 0⃗⃗

𝐵0
⃗⃗⃗⃗⃗.

𝜔0 = 𝛾𝐵0

𝑑𝜇 = 𝜇 𝜃0𝑑𝜙 𝑑𝜙

𝑑𝑡 𝑑𝜇 = 𝛾𝜇𝐵0 𝜃0𝑑𝑡
𝑑𝜙

𝑑𝑡
=

𝛾𝐵0 = 𝜔0

𝛺⃗⃗ = −𝜔0𝑧̂ 𝜇⃗

𝐵0
⃗⃗⃗⃗⃗ 𝜔0

𝛺⃗⃗ = −𝜔0𝑧̂
𝜇⃗;

(
𝑑

𝑑𝑡
)
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙

= (
𝑑

𝑑𝑡
)
𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙

+ 𝛺⃗⃗ ×

(
𝑑𝜇⃗⃗⃗

𝑑𝑡
)
𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙

= 0⃗⃗



(
𝑑

𝑑𝑡
)
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙

= (
𝑑

𝑑𝑡
)
𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙

+ 𝛺⃗⃗ ×

(
𝑑𝜇⃗

𝑑𝑡
)

𝑟

= 𝛾 [𝜇⃗ × (𝐵⃗⃗ +
𝛺⃗⃗

𝛾
)]

𝑟

𝐵1
⃗⃗⃗⃗⃗(𝑡) = 𝐵1(𝑡)𝑥 ′̂ 𝜔 = 𝜔0

𝑑𝜇⃗

𝑑𝑡
= 𝛾𝜇⃗ × 𝐵1𝑥̂

′

𝑥̂′ 𝜔1 = 𝛾𝐵1

𝑦′𝑧
𝜇⃗ 𝜃0 𝑧̂

𝜃 =
𝜋

2
− 𝜃0

𝜋

2
− 𝜃0 = 𝜔1𝜏 → 𝜏 = (

𝜋

2
− 𝜃0)

1

𝐵1𝛾

 





𝜆0 = 590𝑛𝑚

𝑐 = 3.000 × 108

8.7 × 10−6

𝛥𝑡 × 𝛥𝑓 = 1

𝜆0 = 1550
5.4 × 10−6

τ 2τ
τ

τ =  1μs /2
τ



 

3.0 × 10−20



5.4 × 10−6 3.0 × 10−20

 



𝐿
𝑛𝑖

𝑡 =
𝐿 × 𝑛𝑖

𝑐

𝛥𝑡 =
𝐿×𝑛𝑔

𝑐
−

𝐿×𝑛𝑎𝑖𝑟

𝑐
=

𝐿×(𝑛𝑔−𝑛𝑎𝑖𝑟)

𝑐
= 1.527 = 1.527 × 10−9

𝑜. 𝑝. 𝑑.= 𝐿 × 𝑛𝑔 − 𝐿 × 𝑛𝑎𝑖𝑟 = 𝑚𝜆0 𝐿 × 𝑘𝑔 − 𝐿 × 𝑘𝑎𝑖𝑟 = 𝑝2𝜋 𝑘𝑖 =
2𝜋

𝜆
=

2𝜋𝑛𝑖

𝜆0

𝛥(𝑜. 𝑝. 𝑑. ) = (𝐿 × (𝑛𝑔 +
𝛿𝑛𝑔

𝛿𝑇
𝛥𝑇) − 𝐿 × 𝑛𝑎𝑖𝑟) − (𝐿 × 𝑛𝑔 − 𝐿 × 𝑛𝑎𝑖𝑟) = 𝐿 ×

𝛿𝑛𝑔

𝛿𝑇
𝛥𝑇 =

𝜆0

2

𝛥𝑇 =
𝜆0

2𝐿×
𝛿𝑛𝑔

𝛿𝑇

=
590×10−9

2×1×8.7×10−6 = 0.03391

𝛥𝛷 = (𝐿 ×
2𝜋 (𝑛𝑔 +

𝛿𝑛𝑔

𝛿𝑇
𝛥𝑇)

𝜆0
− 𝐿 ×

2𝜋𝑛𝑎𝑖𝑟

𝜆0
) − (𝐿 ×

2𝜋𝑛𝑔

𝜆0
− 𝐿 ×

2𝜋𝑛𝑎𝑖𝑟

𝜆0
) = 𝐿 ×

2𝜋
𝛿𝑛𝑔

𝛿𝑇
𝛥𝑇

𝜆0
= 𝜋

𝛥𝑇 =
𝜋×𝜆0

2𝜋×𝐿×
𝛿𝑛𝑔

𝛿𝑇

=
590×10−9

2×1×8.7×10−6 = 0.03391

𝐹

𝜏 𝜏 =
1

2𝐹
𝜏

𝛥𝑓 =
1

𝜏
= 2𝐹 𝑓 =

𝑐

𝜆0
= 1.935 × 1014

𝑑𝑛

𝑑𝑓
= −

𝑑𝑛

𝑑𝜆

𝑐

𝑓2 𝛥𝜆 = −𝛥𝑓
𝑐

𝑓2 = −𝛥𝑓
𝜆0

2

𝑐



𝑡𝑡𝑟𝑎𝑣𝑒𝑙 =
𝐿𝑛

𝑐

𝛥𝑡𝑡𝑟𝑎𝑣𝑒𝑙 =
𝐿𝑛𝑚𝑎𝑥

𝑐
−

𝐿𝑛𝑚𝑖𝑛

𝑐
=

𝐿

𝑐
(𝑛𝑚𝑎𝑥 − 𝑛𝑚𝑖𝑛) =

𝐿

𝑐
(
𝑑𝑛

𝑑𝜆
 × 𝛥𝜆 ) =

𝐿

𝑐
(
𝑑𝑛

𝑑𝑓
 × 𝛥𝑓 )

𝛥𝑡𝑡𝑟𝑎𝑣𝑒𝑙 < 0.25 𝜏 =
0.25

2𝐹

𝛥𝑡𝑡𝑟𝑎𝑣𝑒𝑙 =
𝐿

𝑐
(
𝑑𝑛

𝑑𝑓
×  𝛥𝑓 ) =

𝐿

𝑐
(
𝑑𝑛

𝑑𝜆

𝑐

𝑓2
 × 2𝐹 ) <

0.25

2𝐹

𝐹2 <
0.25

4
𝑑𝑛

𝑑𝜆

×
𝑓2

𝐿
=

0.25

4×5.4×103 ×
(1.935×1014)2

3×105 = 1.445 × 1018

= 1.700 × 109

= 1.7

• 𝐴 = 𝜋
𝐷2

4
= 7.854 × 10−11

• 𝑃𝑝 =
2𝐸

𝜏
= 2.000 × 103

• 𝐼𝑝 =
𝑃𝑝

𝐴
= 2.546 × 1013

• 𝛥𝑛𝑝 = 𝑛2𝐼𝑝 = 7.3639 × 10−7

𝑑𝛥𝑛

𝑑𝑡
=

𝛥𝑛𝑝

10−10 = 7.639 × 103

𝛥𝑡 × 𝛥𝑓 = 1 𝛥𝑓 = 5 × 109

𝑓 =
𝑐

𝜆
= 1.935 × 1014

𝑜𝑝𝑙 = 𝐿 × 𝑛

𝑣 =
𝑑𝛥𝑛

𝑑𝑡
× 𝐿 = 7.639 × 103



𝛥𝑓 = −(1 − √
1−

𝑣

𝑐

1+
𝑣

𝑐

) × 𝑓 = −4.929 × 109

𝛥𝜆 = 0.03947

5 × 109

1.486 × 1010

𝛥𝑡 × 𝛥𝑓 = 1 𝛥𝑓 = 5 × 109

𝑓 =
𝑐

𝜆
= 1.935 × 1014

𝐴 = 𝜋
𝐷2

4
= 7.854 × 10−11

𝑑𝑛

𝑑𝑓
= −

𝑑𝑛

𝑑𝜆

𝑐

𝑓2

𝐼𝑝 =
2𝐸

𝜏𝐴

𝛥𝑛𝑝 = 𝑛2𝐼𝑝 =
2 𝑛2 𝐸

𝜏𝐴

𝑑𝛥𝑛

𝑑𝑡
=

𝛥𝑛𝑝

𝜏
2

=
4 𝑛2 𝐸

𝐴 × 𝜏2
 

𝑜𝑝𝑙 = 𝐿 × 𝑛

𝑣 =
𝑑𝛥𝑛

𝑑𝑡
× 𝐿 =

4 𝑛2 𝐸

𝐴 × 𝜏2
 × 𝐿 

𝛥𝑓 = −(1 − √
1 −

𝑣
𝑐

1 +
𝑣
𝑐

) × 𝑓 

𝑣 𝑐

𝛥𝑓 ≅ −(
𝑐

𝑐 + 𝑣
) × 𝑓 = −

𝑓

1 +
𝑣
𝑐

= −
𝑓 × 𝑐

𝑐 +
4 𝑛2 𝐸
𝐴 × 𝜏2 × 𝐿

 



𝛥𝑓′ = 5 × 109 +
2 × 𝑓 × 𝑐

𝑐 +
4 𝑛2 𝐸
𝐴 × 𝜏2 × 𝐿

 

𝛥𝑡𝑡𝑟𝑎𝑣𝑒𝑙 =
𝐿

𝑐
(
𝑑𝑛

𝑑𝑓
× 𝛥𝑓′) =

𝐿

𝑐
 ×

𝑑𝑛

𝑑𝑓
(5 × 109 +

2 × 𝑓 × 𝑐

𝑐 +
4 𝑛2 𝐸
𝐴 × 𝜏2 × 𝐿

 ) 

𝐿

𝑐
×

𝑑𝑛

𝑑𝑓
(5 × 109 +

2 × 𝑓 × 𝑐

𝑐 +
4 𝑛2 𝐸
𝐴 × 𝜏2 × 𝐿

  ) = 10−10 

𝐸

 
2 × 𝑓 × 𝑐

𝑐 +
4 𝑛2 𝐸
𝐴 × 𝜏2 × 𝐿

=
𝑐 × 10−10

𝐿 ×
𝑑𝑛
𝑑𝑓

− 5 × 109 

𝐸 =

2 × 𝑓 × 𝑐
𝑐 × 10−10

𝐿 ×
𝑑𝑛
𝑑𝑓

− 5 × 109
− 𝑐

4 𝑛2

𝐴 × 𝜏2 × 𝐿
 

𝐸

 



 


